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The Leggett-Garg inequalities probe the classical-quantum boundary by putting limits on the
sum of pairwise correlation functions between classical measurement devices that consecutively
measured the same quantum system. The apparent violation of these inequalities by standard
quantum measurements has cast doubt on quantum mechanics’ ability to consistently describe
classical objects. Recent work has concluded that these inequalities cannot be violated by either
strong or weak projective measurements [1]. Here I consider an entropic version of the Leggett-Garg
inequalities that are different from the standard inequalities yet similar in form, and can be defined
without reference to any particular observable. I find that the entropic inequalities also cannot be
be violated by strong quantum measurements. The entropic inequalities can be extended to describe
weak quantum measurements, and I show that these weak entropic Leggett-Garg inequalities cannot
be violated either even though the quantum system remains unprojected, because the inequalities
describe the classical measurement devices, not the quantum system. I conclude that quantum
mechanics adequately describes classical devices, and that we should be careful not to assume that
the classical devices accurately describe the quantum system.
I. INTRODUCTION
The boundary between the classical and quantum
realm has never ceased to fascinate. Much focus has
been placed on the ability of quantum mechanics to de-
scribe both the microscopic and the macroscopic world,
since after all we would be surprised to find different
theories describing the different realms. Bell’s inequal-
ities [2] have probed a fundamental aspect of quantum
mechanics, namely the non-local nature of the entan-
glement between spatially separated quantum systems.
These inequalities have placed necessary and sufficient
conditions for local realism [3], a concept that has now
been ruled out by experiment [4–6]. The Leggett-Garg
inequalities [7], on the other hand, concern quantum cor-
relations in time, rather than space. Indeed, the physics
of consecutive measurements on the same quantum sys-
tem promises to hold fascinating insights into the nature
of quantum measurement and the concept of physical re-
ality itself. Leggett and Garg formulated their inequali-
ties to test the concept of macrorealism. Any macroreal-
istic theory—according to the authors—should abide by
these inequalities. According to Leggett and Garg (and
many authors subsequently) the inequalities are easily vi-
olated by simple quantum measurements, casting doubt
on the ability of quantum mechanics to describe both mi-
croscopic and macroscopic systems at the same time. Nu-
merous experiments appear to have supported this con-
clusion since then [8–25] (see also the review [26]).
The conclusions of Leggett and Garg with respect to
the apparent violations of their inequalities have not gone
uncontested. Ballantine replied with a comment [27] that
∗ adami@msu.edu
stated that a violation of the Leggett-Garg inequalities
revealed a contradiction between non-invasive measura-
bility and quantum mechanics, rather than an inability
of quantum mechanics to consistently describe macro-
scopic objects, a view shared among others by Peres [28].
Recently I have re-examined this question and showed
that Leggett-Garg inequalities cannot be violated in ei-
ther strong or weak projective measurements [1], and
that therefore quantum mechanics consistently describes
both microscopic and macroscopic physics. The central
observation is similar to Ballantine’s, namely that the
derivation of the inequalities explicitly assumes that the
intermediate of the three measurements is carried out,
and that assuming that it is not (as is generally done) vi-
olates the very assumptions behind the derivation. I show
this explicitly by considering the middle measurement to
be possibly weak, and showing that even in the limit of
a zero-strength (and hence non-existing) measurement,
the inequalities cannot be violated.
Here I consider an alternative form of the Leggett-Garg
inequalities, written in terms of quantum entropies [29].
The relation between the entropic Leggett-Garg inequal-
ities and the standard form is precisely the same as the
relationship between standard Bell inequalities and their
entropic counterpart [30] (see also [31]). While they ap-
pear similar in form, the entropic version of the inequali-
ties actually explores distinct geometric features, and its
formulation does not depend on any particular observ-
able. I will first derive entropic Leggett-Garg inequal-
ities using quantum information-theoretic tools I previ-
ously employed deriving entropic Bell inequalities [31],
and then proceed to show that they cannot be violated
by strong measurements. I then formulate extended in-
equalities that must hold for weak or strong quantum
measurements, and show that these cannot be violated
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2either. I then offer some conclusions about the lessons
that these inequalities are teaching us about the capac-
ity of quantum mechanics to describe both classical and
quantum systems, and the nature of reality.
II. ENTROPIC LEGGETT-GARG
INEQUALITIES FOR STRONG
MEASUREMENTS
The standard Leggett-Garg inequalities can be derived
simply by insisting that the three measurement devices
that consecutively measured an arbitrary quantum state
are consistent. For example, for binary devices A1, A2
and A3 that have outcomes + and − and a joint density
matrix ρ123 that is normalized according to
+∑
xyz=−
〈xyz|ρ123|xyz〉 = 1 , (1)
the correlation function K12 = Tr(σz ⊗ σzρ12) (for ex-
ample) between the first two devices is the sum (here,
p(xyz) = 〈xyz|ρ123|xyz〉)
K12 = p(−−−) + p(−−+) + p(+ +−) + p(+ + +)
− p(+−−)− p(+−+)− p(−+−) + p(−+ +) . (2)
Using this expression (and the analogous ones for K23
and K12) it is easy to show that as long as the p(xyz) are
probabilities, we can immediately derive three inequali-
ties for the correlations
B1 = K12 +K23 −K13 ≤ 1 , (3)
B2 = K12 +K13 −K23 ≤ 1 , (4)
B3 = K13 +K23 −K12 ≤ 1 , (5)
which are three of the four standard Leggett-Garg in-
equalities [32].
To derive entropic inequalities, we first write down
an expression for the joint density matrix for the three
binary devices A1, A2 and A3 measuring an arbitrary
mixed state ρ. Fig. 1a shows the setup in terms of a
standard quantum circuit diagram with the input mixed
state ρ purified using an arbitrary reference |R〉. The
measurement can also be thought of in terms of a Mach-
Zehnder interferometer as in Fig. 1b, with relative angles
θ1 and θ2 between the first and second, and the second
and third measurement, respectively. While I will treat
the measurement of a random mixed state here, the ar-
guments work just as well in terms of measuring a known
prepared state (as in [1]) in which case the first measure-
ment can simply be viewed as the state preparation.
The entropic Leggett-Garg inequalities can be derived
from inspecting the entropy Venn diagram for the three
measurement devices. Entropy Venn diagrams are a con-
venient way to visualize how quantum entropy is dis-
tributed among multiple systems. Imagine for exam-
ple a mixed quantum state with density matrix ρQ with
SQ = −TrρQ log ρQ (for qubits, 0 ≤ SQ ≤ 1). A strong
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<latexit sha1_base64="VwywD5N0DmHRIcPId3p4h gqdC+Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cK9gPaUDbbabt0s4m7E6GE/gkvHhTx6t/x5 r9x2+agrQ8GHu/NMDMvTKQw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJxqjk0ey1h3QmZQCoVNEiSxk2hkUSixHU5 u5377CbURsXqgaYJBxEZKDAVnZKVOj8ZIrF/rlyte1VvAXSd+TiqQo9Evf/UGMU8jVMQlM6brewkFGdMkuMRZq ZcaTBifsBF2LVUsQhNki3tn7oVVBu4w1rYUuQv190TGImOmUWg7I0Zjs+rNxf+8bkrDmyATKkkJFV8uGqbSpd idP+8OhEZOcmoJ41rYW10+ZppxshGVbAj+6svrpFWr+l7Vv7+q1Gt5HEU4g3O4BB+uoQ530IAmcJDwDK/w5jw6 L86787FsLTj5zCn8gfP5A8obj70=</latexit><latexit sha1_base64="VwywD5N0DmHRIcPId3p4h gqdC+Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cK9gPaUDbbabt0s4m7E6GE/gkvHhTx6t/x5 r9x2+agrQ8GHu/NMDMvTKQw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJxqjk0ey1h3QmZQCoVNEiSxk2hkUSixHU5 u5377CbURsXqgaYJBxEZKDAVnZKVOj8ZIrF/rlyte1VvAXSd+TiqQo9Evf/UGMU8jVMQlM6brewkFGdMkuMRZq ZcaTBifsBF2LVUsQhNki3tn7oVVBu4w1rYUuQv190TGImOmUWg7I0Zjs+rNxf+8bkrDmyATKkkJFV8uGqbSpd idP+8OhEZOcmoJ41rYW10+ZppxshGVbAj+6svrpFWr+l7Vv7+q1Gt5HEU4g3O4BB+uoQ530IAmcJDwDK/w5jw6 L86787FsLTj5zCn8gfP5A8obj70=</latexit><latexit sha1_base64="VwywD5N0DmHRIcPId3p4h gqdC+Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cK9gPaUDbbabt0s4m7E6GE/gkvHhTx6t/x5 r9x2+agrQ8GHu/NMDMvTKQw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJxqjk0ey1h3QmZQCoVNEiSxk2hkUSixHU5 u5377CbURsXqgaYJBxEZKDAVnZKVOj8ZIrF/rlyte1VvAXSd+TiqQo9Evf/UGMU8jVMQlM6brewkFGdMkuMRZq ZcaTBifsBF2LVUsQhNki3tn7oVVBu4w1rYUuQv190TGImOmUWg7I0Zjs+rNxf+8bkrDmyATKkkJFV8uGqbSpd idP+8OhEZOcmoJ41rYW10+ZppxshGVbAj+6svrpFWr+l7Vv7+q1Gt5HEU4g3O4BB+uoQ530IAmcJDwDK/w5jw6 L86787FsLTj5zCn8gfP5A8obj70=</latexit><latexit sha1_base64="VwywD5N0DmHRIcPId3p4h gqdC+Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cK9gPaUDbbabt0s4m7E6GE/gkvHhTx6t/x5 r9x2+agrQ8GHu/NMDMvTKQw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJxqjk0ey1h3QmZQCoVNEiSxk2hkUSixHU5 u5377CbURsXqgaYJBxEZKDAVnZKVOj8ZIrF/rlyte1VvAXSd+TiqQo9Evf/UGMU8jVMQlM6brewkFGdMkuMRZq ZcaTBifsBF2LVUsQhNki3tn7oVVBu4w1rYUuQv190TGImOmUWg7I0Zjs+rNxf+8bkrDmyATKkkJFV8uGqbSpd idP+8OhEZOcmoJ41rYW10+ZppxshGVbAj+6svrpFWr+l7Vv7+q1Gt5HEU4g3O4BB+uoQ530IAmcJDwDK/w5jw6 L86787FsLTj5zCn8gfP5A8obj70=</latexit>
✓1
<latexit sha1_base64="EFx/FMfVJBO13OKNg+sUt +FD2U8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cK9gPaUDbbSbt0s4m7E6GU/gkvHhTx6t/x5 r9x2+agrQ8GHu/NMDMvTKUw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJJpjk2eyER3QmZQCoVNEiSxk2pkcSixHY5 v5377CbURiXqgSYpBzIZKRIIzslKnRyMk1vf75YpX9RZw14mfkwrkaPTLX71BwrMYFXHJjOn6XkrBlGkSXOKs1 MsMpoyP2RC7lioWowmmi3tn7oVVBm6UaFuK3IX6e2LKYmMmcWg7Y0Yjs+rNxf+8bkbRTTAVKs0IFV8uijLpUu LOn3cHQiMnObGEcS3srS4fMc042YhKNgR/9eV10qpVfa/q319V6rU8jiKcwTlcgg/XUIc7aEATOEh4hld4cx6d F+fd+Vi2Fpx85hT+wPn8AciXj7w=</latexit><latexit sha1_base64="EFx/FMfVJBO13OKNg+sUt +FD2U8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cK9gPaUDbbSbt0s4m7E6GU/gkvHhTx6t/x5 r9x2+agrQ8GHu/NMDMvTKUw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJJpjk2eyER3QmZQCoVNEiSxk2pkcSixHY5 v5377CbURiXqgSYpBzIZKRIIzslKnRyMk1vf75YpX9RZw14mfkwrkaPTLX71BwrMYFXHJjOn6XkrBlGkSXOKs1 MsMpoyP2RC7lioWowmmi3tn7oVVBm6UaFuK3IX6e2LKYmMmcWg7Y0Yjs+rNxf+8bkbRTTAVKs0IFV8uijLpUu LOn3cHQiMnObGEcS3srS4fMc042YhKNgR/9eV10qpVfa/q319V6rU8jiKcwTlcgg/XUIc7aEATOEh4hld4cx6d F+fd+Vi2Fpx85hT+wPn8AciXj7w=</latexit><latexit sha1_base64="EFx/FMfVJBO13OKNg+sUt +FD2U8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cK9gPaUDbbSbt0s4m7E6GU/gkvHhTx6t/x5 r9x2+agrQ8GHu/NMDMvTKUw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJJpjk2eyER3QmZQCoVNEiSxk2pkcSixHY5 v5377CbURiXqgSYpBzIZKRIIzslKnRyMk1vf75YpX9RZw14mfkwrkaPTLX71BwrMYFXHJjOn6XkrBlGkSXOKs1 MsMpoyP2RC7lioWowmmi3tn7oVVBm6UaFuK3IX6e2LKYmMmcWg7Y0Yjs+rNxf+8bkbRTTAVKs0IFV8uijLpUu LOn3cHQiMnObGEcS3srS4fMc042YhKNgR/9eV10qpVfa/q319V6rU8jiKcwTlcgg/XUIc7aEATOEh4hld4cx6d F+fd+Vi2Fpx85hT+wPn8AciXj7w=</latexit><latexit sha1_base64="EFx/FMfVJBO13OKNg+sUt +FD2U8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cK9gPaUDbbSbt0s4m7E6GU/gkvHhTx6t/x5 r9x2+agrQ8GHu/NMDMvTKUw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJJpjk2eyER3QmZQCoVNEiSxk2pkcSixHY5 v5377CbURiXqgSYpBzIZKRIIzslKnRyMk1vf75YpX9RZw14mfkwrkaPTLX71BwrMYFXHJjOn6XkrBlGkSXOKs1 MsMpoyP2RC7lioWowmmi3tn7oVVBm6UaFuK3IX6e2LKYmMmcWg7Y0Yjs+rNxf+8bkbRTTAVKs0IFV8uijLpUu LOn3cHQiMnObGEcS3srS4fMc042YhKNgR/9eV10qpVfa/q319V6rU8jiKcwTlcgg/XUIc7aEATOEh4hld4cx6d F+fd+Vi2Fpx85hT+wPn8AciXj7w=</latexit>
CNOT
| 1i
<latexit sha1_base64="pnVPEhNBXQ+s7JQtbhyt3 0B9IUA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ac0sWy2k3bpZhN2N0qp/R9ePCji1f/iz X/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H oeua3H1Bpnsg7M04xiOlA8ogzaqx0/+Q3NO95vqJyILBXrrhVdw6ySrycVCBHo1f+8vsJy2KUhgmqdddzUxNMq DKcCZyW/ExjStmIDrBrqaQx6mAyv3pKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxNdBRMu08ygZI tFUSaIScgsAtLnCpkRY0soU9zeStiQKsqMDapkQ/CWX14lrVrVc6ve7UWlXsvjKMIJnMI5eHAJdbiBBjSBgYJn eIU359F5cd6dj0VrwclnjuEPnM8fYmeSXw==</latexit><latexit sha1_base64="pnVPEhNBXQ+s7JQtbhyt3 0B9IUA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ac0sWy2k3bpZhN2N0qp/R9ePCji1f/iz X/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H oeua3H1Bpnsg7M04xiOlA8ogzaqx0/+Q3NO95vqJyILBXrrhVdw6ySrycVCBHo1f+8vsJy2KUhgmqdddzUxNMq DKcCZyW/ExjStmIDrBrqaQx6mAyv3pKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxNdBRMu08ygZI tFUSaIScgsAtLnCpkRY0soU9zeStiQKsqMDapkQ/CWX14lrVrVc6ve7UWlXsvjKMIJnMI5eHAJdbiBBjSBgYJn eIU359F5cd6dj0VrwclnjuEPnM8fYmeSXw==</latexit><latexit sha1_base64="pnVPEhNBXQ+s7JQtbhyt3 0B9IUA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ac0sWy2k3bpZhN2N0qp/R9ePCji1f/iz X/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H oeua3H1Bpnsg7M04xiOlA8ogzaqx0/+Q3NO95vqJyILBXrrhVdw6ySrycVCBHo1f+8vsJy2KUhgmqdddzUxNMq DKcCZyW/ExjStmIDrBrqaQx6mAyv3pKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxNdBRMu08ygZI tFUSaIScgsAtLnCpkRY0soU9zeStiQKsqMDapkQ/CWX14lrVrVc6ve7UWlXsvjKMIJnMI5eHAJdbiBBjSBgYJn eIU359F5cd6dj0VrwclnjuEPnM8fYmeSXw==</latexit><latexit sha1_base64="pnVPEhNBXQ+s7JQtbhyt3 0B9IUA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ac0sWy2k3bpZhN2N0qp/R9ePCji1f/iz X/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H oeua3H1Bpnsg7M04xiOlA8ogzaqx0/+Q3NO95vqJyILBXrrhVdw6ySrycVCBHo1f+8vsJy2KUhgmqdddzUxNMq DKcCZyW/ExjStmIDrBrqaQx6mAyv3pKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxNdBRMu08ygZI tFUSaIScgsAtLnCpkRY0soU9zeStiQKsqMDapkQ/CWX14lrVrVc6ve7UWlXsvjKMIJnMI5eHAJdbiBBjSBgYJn eIU359F5cd6dj0VrwclnjuEPnM8fYmeSXw==</latexit> CNOT
A1
<latexit sha1_base64="DOv4BRJlZcJz3zZi5t/nu 2ck8Sc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8VLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im //GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoL J7dzvPKHSPJaPZpqgH9GR5CFn1Fjp4WbgDcoVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1 ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814bWfcZmkBiVbLgpTQUxM5n +TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmnXqp5b9e6vKo1aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8 Ox/L1oKTz5zCHzifP7MHjVk=</latexit><latexit sha1_base64="DOv4BRJlZcJz3zZi5t/nu 2ck8Sc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8VLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im //GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoL J7dzvPKHSPJaPZpqgH9GR5CFn1Fjp4WbgDcoVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1 ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814bWfcZmkBiVbLgpTQUxM5n +TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmnXqp5b9e6vKo1aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8 Ox/L1oKTz5zCHzifP7MHjVk=</latexit><latexit sha1_base64="DOv4BRJlZcJz3zZi5t/nu 2ck8Sc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8VLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im //GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoL J7dzvPKHSPJaPZpqgH9GR5CFn1Fjp4WbgDcoVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1 ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814bWfcZmkBiVbLgpTQUxM5n +TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmnXqp5b9e6vKo1aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8 Ox/L1oKTz5zCHzifP7MHjVk=</latexit><latexit sha1_base64="DOv4BRJlZcJz3zZi5t/nu 2ck8Sc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8VLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im //GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoL J7dzvPKHSPJaPZpqgH9GR5CFn1Fjp4WbgDcoVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1 ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814bWfcZmkBiVbLgpTQUxM5n +TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmnXqp5b9e6vKo1aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8 Ox/L1oKTz5zCHzifP7MHjVk=</latexit>
A2
<latexit sha1_base64="Hc6AhTJ7r0k/nn23GnrNVo+zWfo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI8VLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjp4WZQG5QrbtVdgK wTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236 t1fVRq1PI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwC0i41a</latexit><latexit sha1_base64="Hc6AhTJ7r0k/nn23GnrNVo+zWfo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI8VLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjp4WZQG5QrbtVdgK wTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236 t1fVRq1PI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwC0i41a</latexit><latexit sha1_base64="Hc6AhTJ7r0k/nn23GnrNVo+zWfo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI8VLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjp4WZQG5QrbtVdgK wTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236 t1fVRq1PI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwC0i41a</latexit><latexit sha1_base64="Hc6AhTJ7r0k/nn23GnrNVo+zWfo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI8VLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjp4WZQG5QrbtVdgK wTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236 t1fVRq1PI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwC0i41a</latexit>
A3
<latexit sha1_base64="a/5sMead+WCp4+uRX8kC+65fvHw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mqoMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cNO/6JcrbtWdg6 wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236 t1fVuq1PI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gC2D41b</latexit><latexit sha1_base64="a/5sMead+WCp4+uRX8kC+65fvHw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mqoMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cNO/6JcrbtWdg6 wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236 t1fVuq1PI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gC2D41b</latexit><latexit sha1_base64="a/5sMead+WCp4+uRX8kC+65fvHw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mqoMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cNO/6JcrbtWdg6 wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236 t1fVuq1PI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gC2D41b</latexit><latexit sha1_base64="a/5sMead+WCp4+uRX8kC+65fvHw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mqoMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cNO/6JcrbtWdg6 wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236 t1fVuq1PI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gC2D41b</latexit>
(b)
| 1i
<latexit sha1_base64="pnVPEhNBXQ+s7JQtbhyt3 0B9IUA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ac0sWy2k3bpZhN2N0qp/R9ePCji1f/iz X/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H oeua3H1Bpnsg7M04xiOlA8ogzaqx0/+Q3NO95vqJyILBXrrhVdw6ySrycVCBHo1f+8vsJy2KUhgmqdddzUxNMq DKcCZyW/ExjStmIDrBrqaQx6mAyv3pKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxNdBRMu08ygZI tFUSaIScgsAtLnCpkRY0soU9zeStiQKsqMDapkQ/CWX14lrVrVc6ve7UWlXsvjKMIJnMI5eHAJdbiBBjSBgYJn eIU359F5cd6dj0VrwclnjuEPnM8fYmeSXw==</latexit><latexit sha1_base64="pnVPEhNBXQ+s7JQtbhyt3 0B9IUA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ac0sWy2k3bpZhN2N0qp/R9ePCji1f/iz X/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H oeua3H1Bpnsg7M04xiOlA8ogzaqx0/+Q3NO95vqJyILBXrrhVdw6ySrycVCBHo1f+8vsJy2KUhgmqdddzUxNMq DKcCZyW/ExjStmIDrBrqaQx6mAyv3pKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxNdBRMu08ygZI tFUSaIScgsAtLnCpkRY0soU9zeStiQKsqMDapkQ/CWX14lrVrVc6ve7UWlXsvjKMIJnMI5eHAJdbiBBjSBgYJn eIU359F5cd6dj0VrwclnjuEPnM8fYmeSXw==</latexit><latexit sha1_base64="pnVPEhNBXQ+s7JQtbhyt3 0B9IUA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ac0sWy2k3bpZhN2N0qp/R9ePCji1f/iz X/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H oeua3H1Bpnsg7M04xiOlA8ogzaqx0/+Q3NO95vqJyILBXrrhVdw6ySrycVCBHo1f+8vsJy2KUhgmqdddzUxNMq DKcCZyW/ExjStmIDrBrqaQx6mAyv3pKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxNdBRMu08ygZI tFUSaIScgsAtLnCpkRY0soU9zeStiQKsqMDapkQ/CWX14lrVrVc6ve7UWlXsvjKMIJnMI5eHAJdbiBBjSBgYJn eIU359F5cd6dj0VrwclnjuEPnM8fYmeSXw==</latexit><latexit sha1_base64="pnVPEhNBXQ+s7JQtbhyt3 0B9IUA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ac0sWy2k3bpZhN2N0qp/R9ePCji1f/iz X/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H oeua3H1Bpnsg7M04xiOlA8ogzaqx0/+Q3NO95vqJyILBXrrhVdw6ySrycVCBHo1f+8vsJy2KUhgmqdddzUxNMq DKcCZyW/ExjStmIDrBrqaQx6mAyv3pKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxNdBRMu08ygZI tFUSaIScgsAtLnCpkRY0soU9zeStiQKsqMDapkQ/CWX14lrVrVc6ve7UWlXsvjKMIJnMI5eHAJdbiBBjSBgYJn eIU359F5cd6dj0VrwclnjuEPnM8fYmeSXw==</latexit>
|Ri
<latexit sha1_base64="klvz6Q0IaGWExMj4d8pN3 cdgSwY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cq9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jz X/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB 8PfPbj6g0i+W9mSQYCDKULGKUGCs9PN31FJFDjv1yxat6c7irxM9JBXI0+uWv3iCmqUBpKCdad30vMUFGlGGU4 7TUSzUmhI7JELuWSiJQB9n84Kl7ZpWBG8XKljTuXP09kRGh9USEtlMQM9LL3kz8z+umJroKMiaT1KCki0VRyl 0Tu7Pv3QFTSA2fWEKoYvZWl46IItTYjEo2BH/55VXSqlV9r+rfXlTqtTyOIpzAKZyDD5dQhxtoQBMoCHiGV3hz lPPivDsfi9aCk88cwx84nz/kz5Bn</latexit><latexit sha1_base64="klvz6Q0IaGWExMj4d8pN3 cdgSwY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cq9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jz X/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB 8PfPbj6g0i+W9mSQYCDKULGKUGCs9PN31FJFDjv1yxat6c7irxM9JBXI0+uWv3iCmqUBpKCdad30vMUFGlGGU4 7TUSzUmhI7JELuWSiJQB9n84Kl7ZpWBG8XKljTuXP09kRGh9USEtlMQM9LL3kz8z+umJroKMiaT1KCki0VRyl 0Tu7Pv3QFTSA2fWEKoYvZWl46IItTYjEo2BH/55VXSqlV9r+rfXlTqtTyOIpzAKZyDD5dQhxtoQBMoCHiGV3hz lPPivDsfi9aCk88cwx84nz/kz5Bn</latexit><latexit sha1_base64="klvz6Q0IaGWExMj4d8pN3 cdgSwY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cq9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jz X/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB 8PfPbj6g0i+W9mSQYCDKULGKUGCs9PN31FJFDjv1yxat6c7irxM9JBXI0+uWv3iCmqUBpKCdad30vMUFGlGGU4 7TUSzUmhI7JELuWSiJQB9n84Kl7ZpWBG8XKljTuXP09kRGh9USEtlMQM9LL3kz8z+umJroKMiaT1KCki0VRyl 0Tu7Pv3QFTSA2fWEKoYvZWl46IItTYjEo2BH/55VXSqlV9r+rfXlTqtTyOIpzAKZyDD5dQhxtoQBMoCHiGV3hz lPPivDsfi9aCk88cwx84nz/kz5Bn</latexit><latexit sha1_base64="klvz6Q0IaGWExMj4d8pN3 cdgSwY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0GPBi8cq9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jz X/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB 8PfPbj6g0i+W9mSQYCDKULGKUGCs9PN31FJFDjv1yxat6c7irxM9JBXI0+uWv3iCmqUBpKCdad30vMUFGlGGU4 7TUSzUmhI7JELuWSiJQB9n84Kl7ZpWBG8XKljTuXP09kRGh9USEtlMQM9LL3kz8z+umJroKMiaT1KCki0VRyl 0Tu7Pv3QFTSA2fWEKoYvZWl46IItTYjEo2BH/55VXSqlV9r+rfXlTqtTyOIpzAKZyDD5dQhxtoQBMoCHiGV3hz lPPivDsfi9aCk88cwx84nz/kz5Bn</latexit>
|A1i
<latexit sha1_base64="iPv0hnDyfIFFneWg8da2l /Kq54I=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQIeqx48VjBfkAaymY7aZdudsPuRiixP8OLB0W8+mu8+ W/ctjlo64OBx3szzMyLUs608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuRDRyJrBlmOHYTRWSJOLYica 3M7/ziEozKR7MJMUwIUPBYkaJsVLwdNP3e4qIIcd+perVvDncVeIXpAoFmv3KV28gaZagMJQTrQPfS02YE2UY5 Tgt9zKNKaFjMsTAUkES1GE+P3nqnltl4MZS2RLGnau/J3KSaD1JItuZEDPSy95M/M8LMhNfhzkTaWZQ0MWiOO Ouke7sf3fAFFLDJ5YQqpi91aUjogg1NqWyDcFffnmVtOs136v595fVRr2IowSncAYX4MMVNOAOmtACChKe4RXe HOO8OO/Ox6J1zSlmTuAPnM8f9JaQ+g==</latexit><latexit sha1_base64="iPv0hnDyfIFFneWg8da2l /Kq54I=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQIeqx48VjBfkAaymY7aZdudsPuRiixP8OLB0W8+mu8+ W/ctjlo64OBx3szzMyLUs608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuRDRyJrBlmOHYTRWSJOLYica 3M7/ziEozKR7MJMUwIUPBYkaJsVLwdNP3e4qIIcd+perVvDncVeIXpAoFmv3KV28gaZagMJQTrQPfS02YE2UY5 Tgt9zKNKaFjMsTAUkES1GE+P3nqnltl4MZS2RLGnau/J3KSaD1JItuZEDPSy95M/M8LMhNfhzkTaWZQ0MWiOO Ouke7sf3fAFFLDJ5YQqpi91aUjogg1NqWyDcFffnmVtOs136v595fVRr2IowSncAYX4MMVNOAOmtACChKe4RXe HOO8OO/Ox6J1zSlmTuAPnM8f9JaQ+g==</latexit><latexit sha1_base64="iPv0hnDyfIFFneWg8da2l /Kq54I=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQIeqx48VjBfkAaymY7aZdudsPuRiixP8OLB0W8+mu8+ W/ctjlo64OBx3szzMyLUs608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuRDRyJrBlmOHYTRWSJOLYica 3M7/ziEozKR7MJMUwIUPBYkaJsVLwdNP3e4qIIcd+perVvDncVeIXpAoFmv3KV28gaZagMJQTrQPfS02YE2UY5 Tgt9zKNKaFjMsTAUkES1GE+P3nqnltl4MZS2RLGnau/J3KSaD1JItuZEDPSy95M/M8LMhNfhzkTaWZQ0MWiOO Ouke7sf3fAFFLDJ5YQqpi91aUjogg1NqWyDcFffnmVtOs136v595fVRr2IowSncAYX4MMVNOAOmtACChKe4RXe HOO8OO/Ox6J1zSlmTuAPnM8f9JaQ+g==</latexit><latexit sha1_base64="iPv0hnDyfIFFneWg8da2l /Kq54I=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQIeqx48VjBfkAaymY7aZdudsPuRiixP8OLB0W8+mu8+ W/ctjlo64OBx3szzMyLUs608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuRDRyJrBlmOHYTRWSJOLYica 3M7/ziEozKR7MJMUwIUPBYkaJsVLwdNP3e4qIIcd+perVvDncVeIXpAoFmv3KV28gaZagMJQTrQPfS02YE2UY5 Tgt9zKNKaFjMsTAUkES1GE+P3nqnltl4MZS2RLGnau/J3KSaD1JItuZEDPSy95M/M8LMhNfhzkTaWZQ0MWiOO Ouke7sf3fAFFLDJ5YQqpi91aUjogg1NqWyDcFffnmVtOs136v595fVRr2IowSncAYX4MMVNOAOmtACChKe4RXe HOO8OO/Ox6J1zSlmTuAPnM8f9JaQ+g==</latexit>
|A2i
<latexit sha1_base64="hq94lcE3smxRL1uIJeARr nPVQQE=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQIeqx48VjBfkAaymY7aZdudsPuRiixP8OLB0W8+mu8+ W/ctjlo64OBx3szzMyLUs608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuRDRyJrBlmOHYTRWSJOLYica 3M7/ziEozKR7MJMUwIUPBYkaJsVLwdNOv9xQRQ479StWreXO4q8QvSBUKNPuVr95A0ixBYSgnWge+l5owJ8owy nFa7mUaU0LHZIiBpYIkqMN8fvLUPbfKwI2lsiWMO1d/T+Qk0XqSRLYzIWakl72Z+J8XZCa+DnMm0sygoItFcc ZdI93Z/+6AKaSGTywhVDF7q0tHRBFqbEplG4K//PIqaddrvlfz7y+rjXoRRwlO4QwuwIcraMAdNKEFFCQ8wyu8 OcZ5cd6dj0XrmlPMnMAfOJ8/9iGQ+w==</latexit><latexit sha1_base64="hq94lcE3smxRL1uIJeARr nPVQQE=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQIeqx48VjBfkAaymY7aZdudsPuRiixP8OLB0W8+mu8+ W/ctjlo64OBx3szzMyLUs608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuRDRyJrBlmOHYTRWSJOLYica 3M7/ziEozKR7MJMUwIUPBYkaJsVLwdNOv9xQRQ479StWreXO4q8QvSBUKNPuVr95A0ixBYSgnWge+l5owJ8owy nFa7mUaU0LHZIiBpYIkqMN8fvLUPbfKwI2lsiWMO1d/T+Qk0XqSRLYzIWakl72Z+J8XZCa+DnMm0sygoItFcc ZdI93Z/+6AKaSGTywhVDF7q0tHRBFqbEplG4K//PIqaddrvlfz7y+rjXoRRwlO4QwuwIcraMAdNKEFFCQ8wyu8 OcZ5cd6dj0XrmlPMnMAfOJ8/9iGQ+w==</latexit><latexit sha1_base64="hq94lcE3smxRL1uIJeARr nPVQQE=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQIeqx48VjBfkAaymY7aZdudsPuRiixP8OLB0W8+mu8+ W/ctjlo64OBx3szzMyLUs608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuRDRyJrBlmOHYTRWSJOLYica 3M7/ziEozKR7MJMUwIUPBYkaJsVLwdNOv9xQRQ479StWreXO4q8QvSBUKNPuVr95A0ixBYSgnWge+l5owJ8owy nFa7mUaU0LHZIiBpYIkqMN8fvLUPbfKwI2lsiWMO1d/T+Qk0XqSRLYzIWakl72Z+J8XZCa+DnMm0sygoItFcc ZdI93Z/+6AKaSGTywhVDF7q0tHRBFqbEplG4K//PIqaddrvlfz7y+rjXoRRwlO4QwuwIcraMAdNKEFFCQ8wyu8 OcZ5cd6dj0XrmlPMnMAfOJ8/9iGQ+w==</latexit><latexit sha1_base64="hq94lcE3smxRL1uIJeARr nPVQQE=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQIeqx48VjBfkAaymY7aZdudsPuRiixP8OLB0W8+mu8+ W/ctjlo64OBx3szzMyLUs608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuRDRyJrBlmOHYTRWSJOLYica 3M7/ziEozKR7MJMUwIUPBYkaJsVLwdNOv9xQRQ479StWreXO4q8QvSBUKNPuVr95A0ixBYSgnWge+l5owJ8owy nFa7mUaU0LHZIiBpYIkqMN8fvLUPbfKwI2lsiWMO1d/T+Qk0XqSRLYzIWakl72Z+J8XZCa+DnMm0sygoItFcc ZdI93Z/+6AKaSGTywhVDF7q0tHRBFqbEplG4K//PIqaddrvlfz7y+rjXoRRwlO4QwuwIcraMAdNKEFFCQ8wyu8 OcZ5cd6dj0XrmlPMnMAfOJ8/9iGQ+w==</latexit>
|A3i
<latexit sha1_base64="onmAKTyH/NRjShi7y5QYx HfQrPI=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeKF48V7Ae0oWy2k3bpZhN2J0KJ/RlePCji1V/jz X/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxj fzvz2I2gjYvWAkwT8iA2VCAVnaKXu003/oqeZGkrolytu1Z2DrhIvJxWSo9Evf/UGMU8jUMglM6bruQn6GdMou IRpqZcaSBgfsyF0LVUsAuNn85On9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmE qKMZ39TwdCA0c5sYRxLeytlI+YZhxtSiUbgrf88ipp1aqeW/XuLyv1Wh5HkZyQU3JOPHJF6uSONEiTcBKTZ/JK 3hx0Xpx352PRWnDymWPyB87nD/eskPw=</latexit><latexit sha1_base64="onmAKTyH/NRjShi7y5QYx HfQrPI=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeKF48V7Ae0oWy2k3bpZhN2J0KJ/RlePCji1V/jz X/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxj fzvz2I2gjYvWAkwT8iA2VCAVnaKXu003/oqeZGkrolytu1Z2DrhIvJxWSo9Evf/UGMU8jUMglM6bruQn6GdMou IRpqZcaSBgfsyF0LVUsAuNn85On9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmE qKMZ39TwdCA0c5sYRxLeytlI+YZhxtSiUbgrf88ipp1aqeW/XuLyv1Wh5HkZyQU3JOPHJF6uSONEiTcBKTZ/JK 3hx0Xpx352PRWnDymWPyB87nD/eskPw=</latexit><latexit sha1_base64="onmAKTyH/NRjShi7y5QYx HfQrPI=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeKF48V7Ae0oWy2k3bpZhN2J0KJ/RlePCji1V/jz X/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxj fzvz2I2gjYvWAkwT8iA2VCAVnaKXu003/oqeZGkrolytu1Z2DrhIvJxWSo9Evf/UGMU8jUMglM6bruQn6GdMou IRpqZcaSBgfsyF0LVUsAuNn85On9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmE qKMZ39TwdCA0c5sYRxLeytlI+YZhxtSiUbgrf88ipp1aqeW/XuLyv1Wh5HkZyQU3JOPHJF6uSONEiTcBKTZ/JK 3hx0Xpx352PRWnDymWPyB87nD/eskPw=</latexit><latexit sha1_base64="onmAKTyH/NRjShi7y5QYx HfQrPI=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeKF48V7Ae0oWy2k3bpZhN2J0KJ/RlePCji1V/jz X/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxj fzvz2I2gjYvWAkwT8iA2VCAVnaKXu003/oqeZGkrolytu1Z2DrhIvJxWSo9Evf/UGMU8jUMglM6bruQn6GdMou IRpqZcaSBgfsyF0LVUsAuNn85On9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmE qKMZ39TwdCA0c5sYRxLeytlI+YZhxtSiUbgrf88ipp1aqeW/XuLyv1Wh5HkZyQU3JOPHJF6uSONEiTcBKTZ/JK 3hx0Xpx352PRWnDymWPyB87nD/eskPw=</latexit>
FIG. 1. (a) Three consecutive measurements on an arbitrary
quantum state |Ψ〉1 (shown entangled with a reference state)
R〉 using measurement devices A1, A2, and A3, in terms
of a standard circuit diagram. The measurements are per-
formed via controlled-NOT gates. (b) An implementation of
three consecutive measurements using a Mach-Zehnder ar-
rangement.
projective measurement with qubit ancilla A1 will result
in the Venn diagram Fig. 2a, implying that all of the en-
tropy of the quantum state is shared with the detector.
If a second detector A2 subsequently measures the same
quantum state, its relationship with the quantum state
is the same as the relationship depicted in Fig. 2a. As
the entropy of each detector must equal the entropy of
the quantum state, the only other variable in the joint
Venn diagram Fig. 2b of the quantum state and two de-
tectors is given by the joint entropy of the two detectors,
S(A1A2) ≡ S12. This value is determined by the relative
angle between the two detectors. The two detectors are
described by the Venn diagram in Fig. 2c, which is eas-
ily obtained from the one in Fig. 2b simply by ignoring
the quantum state. If a third detector subsequently mea-
sures the same quantum state, the Venn diagram for the
relative state of these detectors is depicted in Fig. 3 for
the special case where ρQ is maximally mixed (SQ = 1),
as I will assume for simplicity throughout. For the fully
mixed quantum state ρQ, the entropy Venn diagram can
be written entirely in terms of the pairwise entropies S12
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FIG. 2. Entropy Venn diagrams for two ancilla A1 and A2
that consecutively measured the mixed state ρQ. (a) For
strong projective measurements, the entropy of the quantum
state is entirely shared with the detector. (b) Joint entropy
Venn diagram for the quantum state and two detectors. (c):
Venn diagram for the relative state of the two detectors, in
terms of the joint entropy S(A1A2) = S12.
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FIG. 3. Entropy Venn diagram for three quantum ancillae
that measured a maximally mixed quantum state (from [33]).
The entries S12, S13 and S23 are defined in the text.
as well as S13 and S23. The peculiar form of this Venn
diagram (in which A2 is fully determined given the de-
tectors A1 and A3, that is, the measurements in the past
and in the future) is explained in more detail in [33], but
in any case I will repeat the calculation below.
It is straightforward to derive entropic inequalities
by inspecting the Venn diagram for the three detectors
shown in Fig. 3. Consider first the general tri-partite
entropy Venn diagram in Fig. 4. In classical (Shannon)
theory, all entries except δ are positive, and in particu-
lar the following inequalities that are independent of δ
hold [31]
B?1 = α+ α¯ ≥ 0 , (6)
B?2 = β + β¯ ≥ 0 , (7)
B?3 = γ + γ¯ ≥ 0 . (8)
The quantities α¯, β¯, and γ¯ are positive by themselves due
to strong subadditivity. However, in quantum mechanics
A3A1
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<latexit sha1_base64="D3dWJmrY3lL2LZ2LgB5cfOecgBE="> AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9 /e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqv wBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F /7xuZuNaOOUyzSyTdLkozgSxisxfJwOuGbVi4ghSzd2thI5QI7UuoJILIVh9eZ20rqqBXw3uryv1Wh5HEc7gHC4hgBuowx00oAkUHuE ZXuHNU96L9+59LFsLXj5zCn/gff4AiH+PDg==</latexit><latexit sha1_base64="D3dWJmrY3lL2LZ2LgB5cfOecgBE="> AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9 /e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqv wBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F /7xuZuNaOOUyzSyTdLkozgSxisxfJwOuGbVi4ghSzd2thI5QI7UuoJILIVh9eZ20rqqBXw3uryv1Wh5HEc7gHC4hgBuowx00oAkUHuE ZXuHNU96L9+59LFsLXj5zCn/gff4AiH+PDg==</latexit><latexit sha1_base64="D3dWJmrY3lL2LZ2LgB5cfOecgBE="> AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9 /e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqv wBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F /7xuZuNaOOUyzSyTdLkozgSxisxfJwOuGbVi4ghSzd2thI5QI7UuoJILIVh9eZ20rqqBXw3uryv1Wh5HEc7gHC4hgBuowx00oAkUHuE ZXuHNU96L9+59LFsLXj5zCn/gff4AiH+PDg==</latexit><latexit sha1_base64="D3dWJmrY3lL2LZ2LgB5cfOecgBE="> AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9 /e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqv wBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F /7xuZuNaOOUyzSyTdLkozgSxisxfJwOuGbVi4ghSzd2thI5QI7UuoJILIVh9eZ20rqqBXw3uryv1Wh5HEc7gHC4hgBuowx00oAkUHuE ZXuHNU96L9+59LFsLXj5zCn/gff4AiH+PDg==</latexit>
↵¯
<latexit sha1_base64="poD64qHFvE4tflpGkYlB4HELUYY="> AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ac2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS0UmmKGvTRCSqF6JmgkvWNtwI1ksVwzgUrBtObud+94kpzRP5YKYpC2IcSR5xisZKj36IykeRjnFQr bl1dwGyTryC1KBAa1D98ocJzWImDRWodd9zUxPkqAyngs0qfqZZinSCI9a3VGLMdJAvLp6RC6sMSZQoW9KQhfp7IsdY62kc2s4YzViv enPxP6+fmagR5FymmWGSLhdFmSAmIfP3yZArRo2YWoJUcXsroWNUSI0NqWJD8FZfXiedq7rn1r3761qzUcRRhjM4h0vw4AaacActaAM FCc/wCm+Odl6cd+dj2VpyiplT+APn8weH05DH</latexit><latexit sha1_base64="poD64qHFvE4tflpGkYlB4HELUYY="> AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ac2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS0UmmKGvTRCSqF6JmgkvWNtwI1ksVwzgUrBtObud+94kpzRP5YKYpC2IcSR5xisZKj36IykeRjnFQr bl1dwGyTryC1KBAa1D98ocJzWImDRWodd9zUxPkqAyngs0qfqZZinSCI9a3VGLMdJAvLp6RC6sMSZQoW9KQhfp7IsdY62kc2s4YzViv enPxP6+fmagR5FymmWGSLhdFmSAmIfP3yZArRo2YWoJUcXsroWNUSI0NqWJD8FZfXiedq7rn1r3761qzUcRRhjM4h0vw4AaacActaAM FCc/wCm+Odl6cd+dj2VpyiplT+APn8weH05DH</latexit><latexit sha1_base64="poD64qHFvE4tflpGkYlB4HELUYY="> AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ac2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS0UmmKGvTRCSqF6JmgkvWNtwI1ksVwzgUrBtObud+94kpzRP5YKYpC2IcSR5xisZKj36IykeRjnFQr bl1dwGyTryC1KBAa1D98ocJzWImDRWodd9zUxPkqAyngs0qfqZZinSCI9a3VGLMdJAvLp6RC6sMSZQoW9KQhfp7IsdY62kc2s4YzViv enPxP6+fmagR5FymmWGSLhdFmSAmIfP3yZArRo2YWoJUcXsroWNUSI0NqWJD8FZfXiedq7rn1r3761qzUcRRhjM4h0vw4AaacActaAM FCc/wCm+Odl6cd+dj2VpyiplT+APn8weH05DH</latexit><latexit sha1_base64="poD64qHFvE4tflpGkYlB4HELUYY="> AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ac2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS0UmmKGvTRCSqF6JmgkvWNtwI1ksVwzgUrBtObud+94kpzRP5YKYpC2IcSR5xisZKj36IykeRjnFQr bl1dwGyTryC1KBAa1D98ocJzWImDRWodd9zUxPkqAyngs0qfqZZinSCI9a3VGLMdJAvLp6RC6sMSZQoW9KQhfp7IsdY62kc2s4YzViv enPxP6+fmagR5FymmWGSLhdFmSAmIfP3yZArRo2YWoJUcXsroWNUSI0NqWJD8FZfXiedq7rn1r3761qzUcRRhjM4h0vw4AaacActaAM FCc/wCm+Odl6cd+dj2VpyiplT+APn8weH05DH</latexit>
 ¯
<latexit sha1_base64="w5SxWAd31F5EntclcZt5cNX0/NA="> AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPBi8cK9gObUCbbTbt0dxN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZelHKmjed 9O6WNza3tnfJuZW//4PCoenzS0UmmCG2ThCeqF6GmnEnaNsxw2ksVRRFx2o0mt3O/+0SVZol8MNOUhgJHksWMoLHSYxChCkYoBA6qN a/uLeCuE78gNSjQGlS/gmFCMkGlIRy17vteasIclWGE01klyDRNkUxwRPuWShRUh/ni4pl7YZWhGyfKljTuQv09kaPQeioi2ynQjPWq Nxf/8/qZiRthzmSaGSrJclGccdck7vx9d8gUJYZPLUGimL3VJWNUSIwNqWJD8FdfXiedq7rv1f3761qzUcRRhjM4h0vw4QaacActaAM BCc/wCm+Odl6cd+dj2VpyiplT+APn8weDPZDE</latexit><latexit sha1_base64="w5SxWAd31F5EntclcZt5cNX0/NA="> AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPBi8cK9gObUCbbTbt0dxN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZelHKmjed 9O6WNza3tnfJuZW//4PCoenzS0UmmCG2ThCeqF6GmnEnaNsxw2ksVRRFx2o0mt3O/+0SVZol8MNOUhgJHksWMoLHSYxChCkYoBA6qN a/uLeCuE78gNSjQGlS/gmFCMkGlIRy17vteasIclWGE01klyDRNkUxwRPuWShRUh/ni4pl7YZWhGyfKljTuQv09kaPQeioi2ynQjPWq Nxf/8/qZiRthzmSaGSrJclGccdck7vx9d8gUJYZPLUGimL3VJWNUSIwNqWJD8FdfXiedq7rv1f3761qzUcRRhjM4h0vw4QaacActaAM BCc/wCm+Odl6cd+dj2VpyiplT+APn8weDPZDE</latexit><latexit sha1_base64="w5SxWAd31F5EntclcZt5cNX0/NA="> AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPBi8cK9gObUCbbTbt0dxN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZelHKmjed 9O6WNza3tnfJuZW//4PCoenzS0UmmCG2ThCeqF6GmnEnaNsxw2ksVRRFx2o0mt3O/+0SVZol8MNOUhgJHksWMoLHSYxChCkYoBA6qN a/uLeCuE78gNSjQGlS/gmFCMkGlIRy17vteasIclWGE01klyDRNkUxwRPuWShRUh/ni4pl7YZWhGyfKljTuQv09kaPQeioi2ynQjPWq Nxf/8/qZiRthzmSaGSrJclGccdck7vx9d8gUJYZPLUGimL3VJWNUSIwNqWJD8FdfXiedq7rv1f3761qzUcRRhjM4h0vw4QaacActaAM BCc/wCm+Odl6cd+dj2VpyiplT+APn8weDPZDE</latexit><latexit sha1_base64="w5SxWAd31F5EntclcZt5cNX0/NA="> AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi2GPBi8cK9gObUCbbTbt0dxN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZelHKmjed 9O6WNza3tnfJuZW//4PCoenzS0UmmCG2ThCeqF6GmnEnaNsxw2ksVRRFx2o0mt3O/+0SVZol8MNOUhgJHksWMoLHSYxChCkYoBA6qN a/uLeCuE78gNSjQGlS/gmFCMkGlIRy17vteasIclWGE01klyDRNkUxwRPuWShRUh/ni4pl7YZWhGyfKljTuQv09kaPQeioi2ynQjPWq Nxf/8/qZiRthzmSaGSrJclGccdck7vx9d8gUJYZPLUGimL3VJWNUSIwNqWJD8FdfXiedq7rv1f3761qzUcRRhjM4h0vw4QaacActaAM BCc/wCm+Odl6cd+dj2VpyiplT+APn8weDPZDE</latexit>
 
<latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU="> AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9 /e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVf wGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPx P6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/A Mr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU="> AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9 /e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVf wGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPx P6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/A Mr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU="> AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9 /e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVf wGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPx P6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/A Mr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU="> AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9 /e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVf wGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPx P6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/A Mr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit>
 
<latexit sha1_base64="3vn/PANuKftz4i6hvWUXPi7vYSQ="> AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQEeyx48VjBtIU2lM120i7dbMLuRCilv8GLB0W8+oO8+W/ctjlo64OBx3szzMyLMikMed6 3s7G5tb2zW9or7x8cHh1XTk5bJs01x4CnMtWdiBmUQmFAgiR2Mo0siSS2o/Hd3G8/oTYiVY80yTBM2FCJWHBGVgp6ERLrV6pezVvAX Sd+QapQoNmvfPUGKc8TVMQlM6brexmFU6ZJcImzci83mDE+ZkPsWqpYgiacLo6duZdWGbhxqm0pchfq74kpS4yZJJHtTBiNzKo3F//z ujnF9XAqVJYTKr5cFOfSpdSdf+4OhEZOcmIJ41rYW10+YppxsvmUbQj+6svrpHVd872a/3BTbdSLOEpwDhdwBT7cQgPuoQkBcBDwDK/ w5ijnxXl3PpatG04xcwZ/4Hz+AMDUjpo=</latexit><latexit sha1_base64="3vn/PANuKftz4i6hvWUXPi7vYSQ="> AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQEeyx48VjBtIU2lM120i7dbMLuRCilv8GLB0W8+oO8+W/ctjlo64OBx3szzMyLMikMed6 3s7G5tb2zW9or7x8cHh1XTk5bJs01x4CnMtWdiBmUQmFAgiR2Mo0siSS2o/Hd3G8/oTYiVY80yTBM2FCJWHBGVgp6ERLrV6pezVvAX Sd+QapQoNmvfPUGKc8TVMQlM6brexmFU6ZJcImzci83mDE+ZkPsWqpYgiacLo6duZdWGbhxqm0pchfq74kpS4yZJJHtTBiNzKo3F//z ujnF9XAqVJYTKr5cFOfSpdSdf+4OhEZOcmIJ41rYW10+YppxsvmUbQj+6svrpHVd872a/3BTbdSLOEpwDhdwBT7cQgPuoQkBcBDwDK/ w5ijnxXl3PpatG04xcwZ/4Hz+AMDUjpo=</latexit><latexit sha1_base64="3vn/PANuKftz4i6hvWUXPi7vYSQ="> AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQEeyx48VjBtIU2lM120i7dbMLuRCilv8GLB0W8+oO8+W/ctjlo64OBx3szzMyLMikMed6 3s7G5tb2zW9or7x8cHh1XTk5bJs01x4CnMtWdiBmUQmFAgiR2Mo0siSS2o/Hd3G8/oTYiVY80yTBM2FCJWHBGVgp6ERLrV6pezVvAX Sd+QapQoNmvfPUGKc8TVMQlM6brexmFU6ZJcImzci83mDE+ZkPsWqpYgiacLo6duZdWGbhxqm0pchfq74kpS4yZJJHtTBiNzKo3F//z ujnF9XAqVJYTKr5cFOfSpdSdf+4OhEZOcmIJ41rYW10+YppxsvmUbQj+6svrpHVd872a/3BTbdSLOEpwDhdwBT7cQgPuoQkBcBDwDK/ w5ijnxXl3PpatG04xcwZ/4Hz+AMDUjpo=</latexit><latexit sha1_base64="3vn/PANuKftz4i6hvWUXPi7vYSQ="> AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQEeyx48VjBtIU2lM120i7dbMLuRCilv8GLB0W8+oO8+W/ctjlo64OBx3szzMyLMikMed6 3s7G5tb2zW9or7x8cHh1XTk5bJs01x4CnMtWdiBmUQmFAgiR2Mo0siSS2o/Hd3G8/oTYiVY80yTBM2FCJWHBGVgp6ERLrV6pezVvAX Sd+QapQoNmvfPUGKc8TVMQlM6brexmFU6ZJcImzci83mDE+ZkPsWqpYgiacLo6duZdWGbhxqm0pchfq74kpS4yZJJHtTBiNzKo3F//z ujnF9XAqVJYTKr5cFOfSpdSdf+4OhEZOcmIJ41rYW10+YppxsvmUbQj+6svrpHVd872a/3BTbdSLOEpwDhdwBT7cQgPuoQkBcBDwDK/ w5ijnxXl3PpatG04xcwZ/4Hz+AMDUjpo=</latexit>
 ¯
<latexit sha1_base64="/mujQAUuRvoX0qEnpNgA22GaIkw="> AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ic0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemEph0HW /ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUsS8jQIl76WaUxVK3g0nt3O/+8S1EUn8gNOUB4qOYhEJRtFKj35ItR9ypINqz a27C5B14hWkBgVag+qXP0xYpniMTFJj+p6bYpBTjYJJPqv4meEpZRM64n1LY6q4CfLFwTNyYZUhiRJtK0ayUH9P5FQZM1Wh7VQUx2bV m4v/ef0Mo0aQizjNkMdsuSjKJMGEzL8nQ6E5Qzm1hDIt7K2EjammDG1GFRuCt/ryOulc1T237t1f15qNIo4ynME5XIIHN9CEO2hBGxg oeIZXeHO08+K8Ox/L1pJTzJzCHzifP76PkFM=</latexit><latexit sha1_base64="/mujQAUuRvoX0qEnpNgA22GaIkw="> AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ic0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemEph0HW /ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUsS8jQIl76WaUxVK3g0nt3O/+8S1EUn8gNOUB4qOYhEJRtFKj35ItR9ypINqz a27C5B14hWkBgVag+qXP0xYpniMTFJj+p6bYpBTjYJJPqv4meEpZRM64n1LY6q4CfLFwTNyYZUhiRJtK0ayUH9P5FQZM1Wh7VQUx2bV m4v/ef0Mo0aQizjNkMdsuSjKJMGEzL8nQ6E5Qzm1hDIt7K2EjammDG1GFRuCt/ryOulc1T237t1f15qNIo4ynME5XIIHN9CEO2hBGxg oeIZXeHO08+K8Ox/L1pJTzJzCHzifP76PkFM=</latexit><latexit sha1_base64="/mujQAUuRvoX0qEnpNgA22GaIkw="> AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ic0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemEph0HW /ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUsS8jQIl76WaUxVK3g0nt3O/+8S1EUn8gNOUB4qOYhEJRtFKj35ItR9ypINqz a27C5B14hWkBgVag+qXP0xYpniMTFJj+p6bYpBTjYJJPqv4meEpZRM64n1LY6q4CfLFwTNyYZUhiRJtK0ayUH9P5FQZM1Wh7VQUx2bV m4v/ef0Mo0aQizjNkMdsuSjKJMGEzL8nQ6E5Qzm1hDIt7K2EjammDG1GFRuCt/ryOulc1T237t1f15qNIo4ynME5XIIHN9CEO2hBGxg oeIZXeHO08+K8Ox/L1pJTzJzCHzifP76PkFM=</latexit><latexit sha1_base64="/mujQAUuRvoX0qEnpNgA22GaIkw="> AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ic0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemEph0HW /ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUsS8jQIl76WaUxVK3g0nt3O/+8S1EUn8gNOUB4qOYhEJRtFKj35ItR9ypINqz a27C5B14hWkBgVag+qXP0xYpniMTFJj+p6bYpBTjYJJPqv4meEpZRM64n1LY6q4CfLFwTNyYZUhiRJtK0ayUH9P5FQZM1Wh7VQUx2bV m4v/ef0Mo0aQizjNkMdsuSjKJMGEzL8nQ6E5Qzm1hDIt7K2EjammDG1GFRuCt/ryOulc1T237t1f15qNIo4ynME5XIIHN9CEO2hBGxg oeIZXeHO08+K8Ox/L1pJTzJzCHzifP76PkFM=</latexit>
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FIG. 4. General tri-partite entropy Venn diagram defining
the entries α, α¯, β, β¯, γ, γ¯, and δ.
the conditional entropies α, β, and γ can be negative [34],
so the inequalities B?1 , B
?
2 , and B
?
3 could be violated if the
system becomes non-classical (as indeed happens in the
case of the entropic Bell inequalities), implying that the
system is non-separable [35]. By inspection of Fig. 3, we
immediately deduce the entropic Leggett-Garg inequali-
ties
B?1 = S12 + S23 − S13 ≥ 1 , (9)
B?2 = S12 + S13 − S23 ≥ 1 , (10)
B?3 = S13 + S23 − S12 ≥ 1 , (11)
in remarkable analogy to Eqs. (3-5). Note that B?1 is
identical with the entropic Leggett-Garg inequality pro-
posed in Ref. [29], which they derived using the chain
rule and imposing subadditivity. We will see below that
indeed only B?1 imposes strong limits, while B
?
2 and B
?
3
are trivially obeyed.
I will now show explicitly that B?1 cannot be violated
with strong measurements, contrary to the claim in [29]
and [20]. In a sense, this is immediately obvious using the
Venn diagram formulation because B?1 is guaranteed to
be positive owing to strong subadditivity (since α = 0).
However, doing the explicit calculation will reveal the
discrepancy more clearly.
The calculation I develop here follows the formalism
developed in Ref. [33]. Using qubits as detectors is conve-
nient, but we could have just as easily used any multiple-
state detector with eigenstates |x〉, in which case the
Hadamard operator of the CNOT gate (σx, see below)
would be replaced with translation operators T so that
T (x)|0〉 = |x〉 (see, for example, [36]). We can assume
that an (unknown) qubit can be written in terms of the
orthogonal basis states |Q〉 and |Q¯〉 as well as reference
states |R〉 and |R¯〉 as
|Ψ〉 = 1√
2
(|QR〉+ |Q¯R¯〉) (12)
so that ρQ = TrR|Ψ〉〈Ψ| is a maximally mixed state with
unit entropy. The reference states R can be thought of
as representing all the states that conceivably had inter-
acted with the quantum system in the past and are not,
in general, experimentally accessible.
4I will write the orthogonal (first) qubit ancilla states as
|0〉1 and |1〉1 and assume (without loss of generality) that
they refer to horizontal and vertical polarizations, respec-
tively (this is at the experimenter’s discretion). The first
measurement is implemented using the unitary opera-
tor that measures the quantum state in the (H,V ) basis
(again, without loss of generality)
U1 = |H〉〈H| ⊗ 1 + |V 〉〈V | ⊗ σx , (13)
where σx (the first Pauli matrix) flips the polarization of
the qubit ancilla and we can assume that |H〉〈H|Q〉 =
|H〉 etc. because the arbitrary state |Q〉 must be arbi-
trary in any basis. After the first measurement, we are
left with the wave function
|Ψ1〉 = 1√
2
(|HR〉|0〉1 + |V R¯〉|1〉1 , (14)
The first detector then has the density matrix
ρ1 =
1
2 (|0〉1〈0| + |1〉1〈1|) and entropy S(A1) =−Tr(ρ1 log2 ρ1) ≡ S1 = 1.
As advertised, the second measurement will be per-
formed at an angle θ1 with respect to the first, using
the basis states |θ〉1 and |θ¯〉1. To measure in this basis,
rewrite the quantum system’s basis states in the θ1-basis:
|H〉 = cos( θ12 )|θ1〉 − sin( θ12 )|θ¯1〉 (15)
|V 〉 = sin( θ12 )|θ1〉+ cos( θ12 )|θ¯1〉 . (16)
which defines |θ1〉 and |θ¯1〉 implicitly. The (strong) mea-
surement operator can then be written as
U2 = |θ〉〈θ| ⊗ 1 + |θ¯〉〈θ¯| ⊗ σx (17)
where σx acts on the second qubit ancilla. This measure-
ment is invasive (as must be all quantum measurements,
see for example Peres’ discussion of this issue in [28]),
but we will consider less invasive measurements using
the weak measurement paradigm in the following sec-
tion. The wave function after the second measurement
becomes
|Ψ2〉 = U2|Ψ1〉|0〉2 = 1√
2
(
|θ1〉
[
cos( θ12 )|R〉|0〉1 − sin( θ12 )|R¯〉|1〉1
]
|0〉2 + |θ¯1〉
[
cos( θ12 )|R¯〉|1〉1 − sin( θ12 )|R〉|0〉1
]
|1〉2
)
.(18)
The joint density matrix for the two devices is diagonal in the pointer basis (or, as we say, “classical”)
ρ12 = TrQR(|Ψ〉2〈Ψ|) = 1
2
(
|0〉1〈0|
[
cos2( θ12 )|0〉2〈0|+ sin2( θ12 )|1〉2〈1|
]
+ |1〉1〈1|
[
sin2( θ12 )|0〉2〈0|+ cos2( θ12 )|1〉2〈1|
]
=
1
2

cos2( θ12 ) 0 0 0
0 sin2( θ12 ) 0 0
0 0 sin2( θ12 ) 0
0 0 0 cos2( θ12 )
 . (19)
Using ρ12 we can calculate the joint entropy between de-
tectors A1 and A2 by evaluating S12 = −Trρ12 log ρ12
S12 = 1 +H[cos
2(θ1)] . (20)
where H[x] = −x log2 x− (1−x) log2(1−x) is the binary
entropy function. Equation (20) is the standard result,
and corresponds to the correlation coefficient between the
first and second detectors K12 = cos(θ1). We can also use
this result to fill in the Venn diagram in Fig. 2c, which I
show in Fig. 5.
We are now ready to perform the third (strong) mea-
surement, with the third device set an angle θ2 with re-
spect to the second one. To do this, rewrite the quantum
system’s basis states, currently written in the θ1-basis, in
the θ2-basis instead:
|θ1〉 = cos( θ22 )|θ2〉 − sin( θ22 )|θ¯2〉 , (21)
|θ¯1〉 = sin( θ22 )|θ2〉+ cos( θ22 )|θ¯2〉 . (22)
With a third qubit ancilla’s basis states |0〉3 and |1〉3,
the wave function after the third measurement is ob-
tained using the unitary operator U3 = |θ2〉〈θ2| ⊗ 1 +
|θ¯2〉〈θ¯2| ⊗ σx, with σx acting on the third qubit’s Hilbert
space, reads
5A1 A2
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FIG. 5. Bipartite Venn diagram for the first two detectors, where S12 = 1 +H[cos
2(θ1)]
|Ψ3〉 = 1√
2
{
|θ2〉
(
cos( θ22 )
[
cos( θ12 )|R〉|0〉1 + sin( θ12 )|R¯〉|1〉1
]
|0〉2 + sin( θ22 )
[
cos( θ12 )|R¯〉|1〉1 − sin( θ12 )|R〉|0〉1
]
|1〉2
)
|0〉3
+|θ¯2〉
(
cos( θ22 )
[
cos( θ12 )|R¯〉|1〉1 − sin( θ12 )|R〉|0〉1
]
|1〉2 − sin( θ22 )
[
cos( θ12 )|R〉|0〉1 + sin( θ12 )|R¯〉|1〉1
]
|0〉2
)
|1〉3
}
. (23)
The joint density matrix of three devices ρ123 =
TrQR(|Ψ3〉〈Ψ3|) then becomes (here, I abbreviate c1 ≡
cos( θ12 ), c2 ≡ cos( θ22 ), s1 ≡ sin( θ12 ), s2 ≡ sin( θ22 ))
ρ123 =
1
2

c21c
2
2 0 −s1c1s2c2 0 0 0 0 0
0 c21s
2
2 0 s1c1s2c2 0 0 0 0
−s1c1s2c2 0 s21s22 0 0 0 0 0
0 s1c1s2c2 0 s
2
1c
2
2 0 0 0 0
0 0 0 0 s21c
2
2 0 s1c1s2c2 0
0 0 0 0 0 s21s
2
2 0 −s1c1s2c2
0 0 0 0 s1c1s2c2 0 c
2
1s
2
2 0
0 0 0 0 0 −s1c1s2c2 0 c21c22

. (24)
The pairwise matrix ρ23 is obtained by tracing out the
first device, with entropy
S23 = −Trρ23 log ρ23 = 1 +H[cos2(θ2)] , (25)
as expected. Tracing over the middle detector will reveal
the difference to the literature (where the second device
is assmed not to be measured), giving instead
S13 = 1 +H
[
cos2( θ12 ) cos
2( θ22 ) + sin
2( θ12 ) sin
2( θ22 )
]
.(26)
Assuming that the middle measurement does not take
place would have instead yielded S13 = 1 +H[cos
2(θ1 +
θ2)] (I will show in more detail below what happens when
we perform the middle measurement weakly). However,
that result is completely incompatible with the density
matrix (24), which after all is the main ingredient in the
derivation of standard or entropic Leggett-Garg inequal-
ities. This observation parallels what I found for stan-
dard Leggett-Garg inequalities, where the correct cor-
relation function between the first and third device is
K13 = cos(θ1) cos(θ2) [1], a result that incidentally can
also be read off straight from Eq. (24) and the expression
for K13 corresponding to (2).
We can now check inequality B?1 . Assuming for sim-
plicity θ1 = θ2 ≡ θ and defining H13 ≡ H
[
cos4( θ2 ) +
sin4( θ2 )
]
the entropic Leggett-Garg inequalities become
B?1 = 2H[cos
2(θ)]−H13 ≥ 0 , (27)
B?2 = B
?
3 = H13 ≥ 0 . (28)
It is immediately clear (from using Jensen’s inequality)
that the entropic Leggett-Garg inequality B?1 cannot be
violated for strong measurements, just as its non-entropic
counterpart [1]. Of course, B?2 and B
?
3 also cannot be
violated by either weak or strong measurements, as the
Shannon entropy H13 is positive definite.
III. LEGGETT-GARG INEQUALITIES FOR
WEAK MEASUREMENTS
To implement a weak as opposed to strong measure-
ment in the “middle” position (the measurement per-
formed by A2), the second ancilla needs to be moved
by a measurement from its preparation |0〉2 not into the
orthogonal state |1〉2 via flipping, but instead the weak
measurement should move it only by a small angle to
|〉2 =
√
1− 2|0〉2 + |1〉2 , (29)
6where 0 ≤  ≤ 1 parameterizes the strength of the mea-
surement. This can be implemented simply by using a
unitary von Neumann measurement operator U2 = e
−iHθ
with the interaction Hamiltonian Hθ = gPθ ⊗ σy with
Pθ = |θ〉〈θ| and where cos(g) =
√
1− 2 [37–41]. Clearly,
the strong measurement returns in the limit g → pi/2
(→ 1). In the limit → 0, no measurement takes place.
Implementing weak measurements results in a wave
function |Ψ〉3 just like (23) but with |1〉2 replaced with
|〉2 wherever it occurs. The resulting pairwise entropies
are the following
S12 = 1 +H
[1
2
+
1
2
√
1− 42 sin2( θ12 ) cos2( θ12 )
]
,(30)
S23 = 1 +H
[1
2
+
1
2
√
1− 42 sin2( θ22 ) cos2( θ22 )
]
(31)
and
S13 = 1 +H
[
cos2( θ12 ) cos
2( θ22 ) + sin
2( θ12 ) sin
2( θ22 )− 2
√
1− 2 sin( θ12 ) cos( θ12 ) sin( θ22 ) cos( θ22 )
]
. (32)
Using these entropies in (9) would suggest that weak
measurements can certainly violate the entropic Leggett-
Garg inequality B?1 . Indeed, using again θ1 =
θ2 = θ, the equation analogous to (27) can be vi-
olated when using H13 = H[cos
4(θ/2) + sin4(θ/2) −
2
√
1− 2 sin2(θ/2) cos2(θ/2)]. However, this apparent vi-
olation is due to the fact that in weak measurements,
the entropic Leggett-Garg inequality must be modified.
When measurements are weak ( < 1), the entropy of
the weak device is not fully correlated with the quan-
tum state, and is therefore less than one. This is veri-
fied by calculating the entropy directly, giving S(A2) =
H[ 12 (1 +
√
1− 2)], using again the binary entropy func-
tion defined above. Fig. 6a shows that under a weak
measurement, only part of the entropy of the quantum
state is shared with the device, and in the limit  → 0,
none of it. The tri-partite Venn diagram thus must be
modified accordingly, and is shown in Fig. 6b. Finally,
Fig. 6c shows how a weak measurement using A2 (while
A1 and A3 are measuring strongly) changes the relative
state between A1 and A2. In the limit of a zero-strength
weak measurement (that is, not performing the A2 mea-
surement) A2 is completely decoupled from the quantum
system and all other detectors as S12 → 1. The entropic
Leggett-Garg inequality for weak intermediate measure-
ment can be read off the Venn diagram in Fig. 6b as
B′1() = S12 − S13 + S23 −H[] ≥ 0 , (33)
and naturally it cannot be violated because B′1() is guar-
anteed to be positive owing to strong subadditivity of
quantum entropies.
Finally, let us take a look at the relative state of A1
and A3 when the A2 measurement is not performed.
Recall that the literature has generally assumed that a
“non-invasive” measurement (such as for example via the
“ideal negative result” technique, [16]) is tantamount to
not performing the measurement. Indeed, in the limit
→ 0 we find for the entropy S13 [confer Eq. (32)]
S13
→0−→ 1 +H[cos2(θ1 + θ2)] . (34)
But in this limit, the Leggett-Garg inequalities become
trivial, as S12 and S23 both tend toward one. We
A2Q
(a)
(c)
A1 A2
H[✏]
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<latexit sha1_base64="NveyaSdE24fFR64fL+TtXgfYf1I=">AAAB7XicbVDL SgNBEOz1GeMr6tHLYBA8hd0g6DHgxWNE84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUp t2RC2XQvEGCpS8nRhO40jyVjS+mfmtJ26s0OoBJwkPYzpUYiAYRSc173tZUJ32SmW/4s9BVkmQkzLkqPdKX92+ZmnMFTJJre0EfoJhRg0KJvm02E0tTygb0yHvOKpo zG2Yza+dknOn9MlAG1cKyVz9PZHR2NpJHLnOmOLILnsz8T+vk+LgOsyESlLkii0WDVJJUJPZ66QvDGcoJ45QZoS7lbARNZShC6joQgiWX14lzWol8CvB3WW5Vs3jKMA pnMEFBHAFNbiFOjSAwSM8wyu8edp78d69j0XrmpfPnMAfeJ8/BSGOsw==</latexit><latexit sha1_base64="NveyaSdE24fFR64fL+TtXgfYf1I=">AAAB7XicbVDL SgNBEOz1GeMr6tHLYBA8hd0g6DHgxWNE84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUp t2RC2XQvEGCpS8nRhO40jyVjS+mfmtJ26s0OoBJwkPYzpUYiAYRSc173tZUJ32SmW/4s9BVkmQkzLkqPdKX92+ZmnMFTJJre0EfoJhRg0KJvm02E0tTygb0yHvOKpo zG2Yza+dknOn9MlAG1cKyVz9PZHR2NpJHLnOmOLILnsz8T+vk+LgOsyESlLkii0WDVJJUJPZ66QvDGcoJ45QZoS7lbARNZShC6joQgiWX14lzWol8CvB3WW5Vs3jKMA pnMEFBHAFNbiFOjSAwSM8wyu8edp78d69j0XrmpfPnMAfeJ8/BSGOsw==</latexit><latexit sha1_base64="NveyaSdE24fFR64fL+TtXgfYf1I=">AAAB7XicbVDL SgNBEOz1GeMr6tHLYBA8hd0g6DHgxWNE84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUp t2RC2XQvEGCpS8nRhO40jyVjS+mfmtJ26s0OoBJwkPYzpUYiAYRSc173tZUJ32SmW/4s9BVkmQkzLkqPdKX92+ZmnMFTJJre0EfoJhRg0KJvm02E0tTygb0yHvOKpo zG2Yza+dknOn9MlAG1cKyVz9PZHR2NpJHLnOmOLILnsz8T+vk+LgOsyESlLkii0WDVJJUJPZ66QvDGcoJ45QZoS7lbARNZShC6joQgiWX14lzWol8CvB3WW5Vs3jKMA pnMEFBHAFNbiFOjSAwSM8wyu8edp78d69j0XrmpfPnMAfeJ8/BSGOsw==</latexit><latexit sha1_base64="NveyaSdE24fFR64fL+TtXgfYf1I=">AAAB7XicbVDL SgNBEOz1GeMr6tHLYBA8hd0g6DHgxWNE84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUp t2RC2XQvEGCpS8nRhO40jyVjS+mfmtJ26s0OoBJwkPYzpUYiAYRSc173tZUJ32SmW/4s9BVkmQkzLkqPdKX92+ZmnMFTJJre0EfoJhRg0KJvm02E0tTygb0yHvOKpo zG2Yza+dknOn9MlAG1cKyVz9PZHR2NpJHLnOmOLILnsz8T+vk+LgOsyESlLkii0WDVJJUJPZ66QvDGcoJ45QZoS7lbARNZShC6joQgiWX14lzWol8CvB3WW5Vs3jKMA pnMEFBHAFNbiFOjSAwSM8wyu8edp78d69j0XrmpfPnMAfeJ8/BSGOsw==</latexit>
 H[✏]
<latexit sha1_base64="ennOFY4LuTR4wdugsnpAzma4b9I=">AAAB9XicbVBN SwMxEJ2tX7V+VT16iRbBi2W3CHoseOmxgv2A7VqyabYNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC 5VN8SaciZoyzDDaTdRFMchp51wfDvzO49UaSbFvZkkNIjxULCIEWys9HDZO234PZpoxqUI+uWKW3XnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappg MsZD6lsqcEx1kM2vnqJzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CbImEhSQwVZLIpSjoxEswjQgClKDJ9Ygoli9lZERlhhYmxQJRuCt/zyKmnXqp5b9e6 uKvVaHkcRTuAMLsCDa6hDA5rQAgIKnuEV3pwn58V5dz4WrQUnnzmGP3A+fwC8/ZH2</latexit><latexit sha1_base64="ennOFY4LuTR4wdugsnpAzma4b9I=">AAAB9XicbVBN SwMxEJ2tX7V+VT16iRbBi2W3CHoseOmxgv2A7VqyabYNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC 5VN8SaciZoyzDDaTdRFMchp51wfDvzO49UaSbFvZkkNIjxULCIEWys9HDZO234PZpoxqUI+uWKW3XnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappg MsZD6lsqcEx1kM2vnqJzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CbImEhSQwVZLIpSjoxEswjQgClKDJ9Ygoli9lZERlhhYmxQJRuCt/zyKmnXqp5b9e6 uKvVaHkcRTuAMLsCDa6hDA5rQAgIKnuEV3pwn58V5dz4WrQUnnzmGP3A+fwC8/ZH2</latexit><latexit sha1_base64="ennOFY4LuTR4wdugsnpAzma4b9I=">AAAB9XicbVBN SwMxEJ2tX7V+VT16iRbBi2W3CHoseOmxgv2A7VqyabYNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC 5VN8SaciZoyzDDaTdRFMchp51wfDvzO49UaSbFvZkkNIjxULCIEWys9HDZO234PZpoxqUI+uWKW3XnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappg MsZD6lsqcEx1kM2vnqJzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CbImEhSQwVZLIpSjoxEswjQgClKDJ9Ygoli9lZERlhhYmxQJRuCt/zyKmnXqp5b9e6 uKvVaHkcRTuAMLsCDa6hDA5rQAgIKnuEV3pwn58V5dz4WrQUnnzmGP3A+fwC8/ZH2</latexit><latexit sha1_base64="ennOFY4LuTR4wdugsnpAzma4b9I=">AAAB9XicbVBN SwMxEJ2tX7V+VT16iRbBi2W3CHoseOmxgv2A7VqyabYNzSZLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC 5VN8SaciZoyzDDaTdRFMchp51wfDvzO49UaSbFvZkkNIjxULCIEWys9HDZO234PZpoxqUI+uWKW3XnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappg MsZD6lsqcEx1kM2vnqJzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CbImEhSQwVZLIpSjoxEswjQgClKDJ9Ygoli9lZERlhhYmxQJRuCt/zyKmnXqp5b9e6 uKvVaHkcRTuAMLsCDa6hDA5rQAgIKnuEV3pwn58V5dz4WrQUnnzmGP3A+fwC8/ZH2</latexit>
H[✏]+
<latexit sha1_base64="Y9uvAR4UP3WQdndTTQ/dISeXx7k=">AAAB83icbVBN SwMxEM36WetX1aOXYBEEoewWQY8FLz1WsB/QXUo2nW1Ds0lIskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8WHFmrO9/exubW9s7u6W98v7B4dFx5eS0Y2SmKbSp5F L3YmKAMwFtyyyHntJA0phDN57cz/3uE2jDpHi0UwVRSkaCJYwS66Sw2Q9BGcaliK4Hlapf8xfA6yQoSBUVaA0qX+FQ0iwFYSknxvQDX9koJ9oyymFWDjMDitAJGUHf UUFSMFG+uHmGL50yxInUroTFC/X3RE5SY6Zp7DpTYsdm1ZuL/3n9zCZ3Uc6EyiwIulyUZBxbiecB4CHTQC2fOkKoZu5WTMdEE2pdTGUXQrD68jrp1GuBXwsebqqNehF HCZ2jC3SFAnSLGqiJWqiNKFLoGb2iNy/zXrx372PZuuEVM2foD7zPH67OkWM=</latexit><latexit sha1_base64="Y9uvAR4UP3WQdndTTQ/dISeXx7k=">AAAB83icbVBN SwMxEM36WetX1aOXYBEEoewWQY8FLz1WsB/QXUo2nW1Ds0lIskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8WHFmrO9/exubW9s7u6W98v7B4dFx5eS0Y2SmKbSp5F L3YmKAMwFtyyyHntJA0phDN57cz/3uE2jDpHi0UwVRSkaCJYwS66Sw2Q9BGcaliK4Hlapf8xfA6yQoSBUVaA0qX+FQ0iwFYSknxvQDX9koJ9oyymFWDjMDitAJGUHf UUFSMFG+uHmGL50yxInUroTFC/X3RE5SY6Zp7DpTYsdm1ZuL/3n9zCZ3Uc6EyiwIulyUZBxbiecB4CHTQC2fOkKoZu5WTMdEE2pdTGUXQrD68jrp1GuBXwsebqqNehF HCZ2jC3SFAnSLGqiJWqiNKFLoGb2iNy/zXrx372PZuuEVM2foD7zPH67OkWM=</latexit><latexit sha1_base64="Y9uvAR4UP3WQdndTTQ/dISeXx7k=">AAAB83icbVBN SwMxEM36WetX1aOXYBEEoewWQY8FLz1WsB/QXUo2nW1Ds0lIskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8WHFmrO9/exubW9s7u6W98v7B4dFx5eS0Y2SmKbSp5F L3YmKAMwFtyyyHntJA0phDN57cz/3uE2jDpHi0UwVRSkaCJYwS66Sw2Q9BGcaliK4Hlapf8xfA6yQoSBUVaA0qX+FQ0iwFYSknxvQDX9koJ9oyymFWDjMDitAJGUHf UUFSMFG+uHmGL50yxInUroTFC/X3RE5SY6Zp7DpTYsdm1ZuL/3n9zCZ3Uc6EyiwIulyUZBxbiecB4CHTQC2fOkKoZu5WTMdEE2pdTGUXQrD68jrp1GuBXwsebqqNehF HCZ2jC3SFAnSLGqiJWqiNKFLoGb2iNy/zXrx372PZuuEVM2foD7zPH67OkWM=</latexit><latexit sha1_base64="Y9uvAR4UP3WQdndTTQ/dISeXx7k=">AAAB83icbVBN SwMxEM36WetX1aOXYBEEoewWQY8FLz1WsB/QXUo2nW1Ds0lIskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8WHFmrO9/exubW9s7u6W98v7B4dFx5eS0Y2SmKbSp5F L3YmKAMwFtyyyHntJA0phDN57cz/3uE2jDpHi0UwVRSkaCJYwS66Sw2Q9BGcaliK4Hlapf8xfA6yQoSBUVaA0qX+FQ0iwFYSknxvQDX9koJ9oyymFWDjMDitAJGUHf UUFSMFG+uHmGL50yxInUroTFC/X3RE5SY6Zp7DpTYsdm1ZuL/3n9zCZ3Uc6EyiwIulyUZBxbiecB4CHTQC2fOkKoZu5WTMdEE2pdTGUXQrD68jrp1GuBXwsebqqNehF HCZ2jC3SFAnSLGqiJWqiNKFLoGb2iNy/zXrx372PZuuEVM2foD7zPH67OkWM=</latexit>
1 S12
<latexit sha1_base64="tMCHX1IfsRVOGdBLFN39ip7D954=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGo tY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlTzsVa68ysMgw/XZoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQ CRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPEzLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5 RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfffkEc=</latexit><latexit sha1_base64="tMCHX1IfsRVOGdBLFN39ip7D954=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGo tY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlTzsVa68ysMgw/XZoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQ CRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPEzLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5 RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfffkEc=</latexit><latexit sha1_base64="tMCHX1IfsRVOGdBLFN39ip7D954=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGo tY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlTzsVa68ysMgw/XZoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQ CRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPEzLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5 RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfffkEc=</latexit><latexit sha1_base64="tMCHX1IfsRVOGdBLFN39ip7D954=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGo tY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlTzsVa68ysMgw/XZoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQ CRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPEzLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5 RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfffkEc=</latexit>
S12 1
<latexit sha1_base64="T29WG59qqAwPBeY7l4mcMqxraa8=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGo tY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlbyHQYbrM69y5VXwoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQ CRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPEzLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5 RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfxPkEc=</latexit><latexit sha1_base64="T29WG59qqAwPBeY7l4mcMqxraa8=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGo tY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlbyHQYbrM69y5VXwoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQ CRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPEzLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5 RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfxPkEc=</latexit><latexit sha1_base64="T29WG59qqAwPBeY7l4mcMqxraa8=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGo tY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlbyHQYbrM69y5VXwoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQ CRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPEzLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5 RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfxPkEc=</latexit><latexit sha1_base64="T29WG59qqAwPBeY7l4mcMqxraa8=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGo tY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlbyHQYbrM69y5VXwoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQ CRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPEzLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5 RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfxPkEc=</latexit>
0
<latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsY hVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8t D52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7 Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsY hVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8t D52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7 Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsY hVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8t D52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7 Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsY hVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8t D52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7 Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit>
(b)
A2
A1
0
<latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsY hVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8t D52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7 Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsY hVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8t D52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7 Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsY hVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8t D52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7 Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsY hVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8t D52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7 Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit>
A3
S12 1
<latexit sha1_base64="T29WG59qqAwPBeY7l4mcMqxraa8=">AAAB83icbVBNSwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPp nvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGotY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlbyHQYbrM69y5VXwoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQCRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPE zLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfxPkEc=</latexit><latexit sha1_base64="T29WG59qqAwPBeY7l4mcMqxraa8=">AAAB83icbVBNSwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPp nvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGotY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlbyHQYbrM69y5VXwoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQCRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPE zLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfxPkEc=</latexit><latexit sha1_base64="T29WG59qqAwPBeY7l4mcMqxraa8=">AAAB83icbVBNSwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPp nvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGotY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlbyHQYbrM69y5VXwoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQCRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPE zLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfxPkEc=</latexit><latexit sha1_base64="T29WG59qqAwPBeY7l4mcMqxraa8=">AAAB83icbVBNSwMxEJ2tX7V+VT16SS2CF8umFPRY8OKxov2A7lKyabYNzWaXJCuUpX/DiwdFvPp nvPlvTNs9aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9POjpOFWVtGotY9QKimeCStQ03gvUSxUgUCNYNJrdzv/vElOaxfDTThPkRGUkeckqMlbyHQYbrM69y5VXwoFx1a+4CaJ3gnFQhR2tQ/vKGMU0jJg0VROs+dhPjZ0QZTgWblbxUs4TQCRmxvqWSREz72eLmGbqwyhCFsbIlDVqovycyEmk9jQLbGREz1qveXPzP66cmvPE zLpPUMEmXi8JUIBOjeQBoyBWjRkwtIVRxeyuiY6IINTamkg0Br768Tjr1GnZr+L5RbdbzOIpwBudwCRiuoQl30II2UEjgGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AfxPkEc=</latexit>
S23 1
<latexit sha1_base64="EoYCd4MfIDCM9U4N57WZXNBEb8Q=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8tuFfRY8OKxov2A7lKyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJD xR3RBrypmgLcMMp12pKI5DTjvh+Hbmd56o0iwRj2YiaRDjoWARI9hYyX/oZ/XLqV+58Ctev1x1a+4caJV4OalCjma//OUPEpLGVBjCsdY9z5UmyLAyjHA6LfmpphKT MR7SnqUCx1QH2fzmKTqzygBFibIlDJqrvycyHGs9iUPbGWMz0sveTPzP66UmugkyJmRqqCCLRVHKkUnQLAA0YIoSwyeWYKKYvRWREVaYGBtTyYbgLb+8Str1mufWvPu raqOex1GEEziFc/DgGhpwB01oAQEJz/AKb07qvDjvzseiteDkM8fwB87nD/9mkEk=</latexit><latexit sha1_base64="EoYCd4MfIDCM9U4N57WZXNBEb8Q=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8tuFfRY8OKxov2A7lKyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJD xR3RBrypmgLcMMp12pKI5DTjvh+Hbmd56o0iwRj2YiaRDjoWARI9hYyX/oZ/XLqV+58Ctev1x1a+4caJV4OalCjma//OUPEpLGVBjCsdY9z5UmyLAyjHA6LfmpphKT MR7SnqUCx1QH2fzmKTqzygBFibIlDJqrvycyHGs9iUPbGWMz0sveTPzP66UmugkyJmRqqCCLRVHKkUnQLAA0YIoSwyeWYKKYvRWREVaYGBtTyYbgLb+8Str1mufWvPu raqOex1GEEziFc/DgGhpwB01oAQEJz/AKb07qvDjvzseiteDkM8fwB87nD/9mkEk=</latexit><latexit sha1_base64="EoYCd4MfIDCM9U4N57WZXNBEb8Q=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8tuFfRY8OKxov2A7lKyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJD xR3RBrypmgLcMMp12pKI5DTjvh+Hbmd56o0iwRj2YiaRDjoWARI9hYyX/oZ/XLqV+58Ctev1x1a+4caJV4OalCjma//OUPEpLGVBjCsdY9z5UmyLAyjHA6LfmpphKT MR7SnqUCx1QH2fzmKTqzygBFibIlDJqrvycyHGs9iUPbGWMz0sveTPzP66UmugkyJmRqqCCLRVHKkUnQLAA0YIoSwyeWYKKYvRWREVaYGBtTyYbgLb+8Str1mufWvPu raqOex1GEEziFc/DgGhpwB01oAQEJz/AKb07qvDjvzseiteDkM8fwB87nD/9mkEk=</latexit><latexit sha1_base64="EoYCd4MfIDCM9U4N57WZXNBEb8Q=">AAAB83icbVBN SwMxEJ2tX7V+VT16SS2CF8tuFfRY8OKxov2A7lKyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJD xR3RBrypmgLcMMp12pKI5DTjvh+Hbmd56o0iwRj2YiaRDjoWARI9hYyX/oZ/XLqV+58Ctev1x1a+4caJV4OalCjma//OUPEpLGVBjCsdY9z5UmyLAyjHA6LfmpphKT MR7SnqUCx1QH2fzmKTqzygBFibIlDJqrvycyHGs9iUPbGWMz0sveTPzP66UmugkyJmRqqCCLRVHKkUnQLAA0YIoSwyeWYKKYvRWREVaYGBtTyYbgLb+8Str1mufWvPu raqOex1GEEziFc/DgGhpwB01oAQEJz/AKb07qvDjvzseiteDkM8fwB87nD/9mkEk=</latexit>
2 +H[✏]
<latexit sha1_base64="iiHIywoBq/UsiFgkhBnQ+4mNGzQ=">AAAB9HicbVBN SwMxEJ31s9avqkcvwSIIQtktgh4LXnqsYD9gu5RsOm1Ds9k1yRbK0t/hxYMiXv0x3vw3pu0etPXBwMt7M2TmhYng2rjut7OxubW9s1vYK+4fHB4dl05OWzpOFcMmi0 WsOiHVKLjEpuFGYCdRSKNQYDsc38/99gSV5rF8NNMEg4gOJR9wRo2Vgup13e9iormwj16p7FbcBcg68XJShhyNXumr249ZGqE0TFCtfc9NTJBRZTgTOCt2U40JZWM6 RN9SSSPUQbZYekYurdIng1jZkoYs1N8TGY20nkah7YyoGelVby7+5/mpGdwFGZdJalCy5UeDVBATk3kCpM8VMiOmllCmuN2VsBFVlBmbU9GG4K2evE5a1YrnVryHm3K tmsdRgHO4gCvw4BZqUIcGNIHBEzzDK7w5E+fFeXc+lq0bTj5zBn/gfP4AH3qRnw==</latexit><latexit sha1_base64="iiHIywoBq/UsiFgkhBnQ+4mNGzQ=">AAAB9HicbVBN SwMxEJ31s9avqkcvwSIIQtktgh4LXnqsYD9gu5RsOm1Ds9k1yRbK0t/hxYMiXv0x3vw3pu0etPXBwMt7M2TmhYng2rjut7OxubW9s1vYK+4fHB4dl05OWzpOFcMmi0 WsOiHVKLjEpuFGYCdRSKNQYDsc38/99gSV5rF8NNMEg4gOJR9wRo2Vgup13e9iormwj16p7FbcBcg68XJShhyNXumr249ZGqE0TFCtfc9NTJBRZTgTOCt2U40JZWM6 RN9SSSPUQbZYekYurdIng1jZkoYs1N8TGY20nkah7YyoGelVby7+5/mpGdwFGZdJalCy5UeDVBATk3kCpM8VMiOmllCmuN2VsBFVlBmbU9GG4K2evE5a1YrnVryHm3K tmsdRgHO4gCvw4BZqUIcGNIHBEzzDK7w5E+fFeXc+lq0bTj5zBn/gfP4AH3qRnw==</latexit><latexit sha1_base64="iiHIywoBq/UsiFgkhBnQ+4mNGzQ=">AAAB9HicbVBN SwMxEJ31s9avqkcvwSIIQtktgh4LXnqsYD9gu5RsOm1Ds9k1yRbK0t/hxYMiXv0x3vw3pu0etPXBwMt7M2TmhYng2rjut7OxubW9s1vYK+4fHB4dl05OWzpOFcMmi0 WsOiHVKLjEpuFGYCdRSKNQYDsc38/99gSV5rF8NNMEg4gOJR9wRo2Vgup13e9iormwj16p7FbcBcg68XJShhyNXumr249ZGqE0TFCtfc9NTJBRZTgTOCt2U40JZWM6 RN9SSSPUQbZYekYurdIng1jZkoYs1N8TGY20nkah7YyoGelVby7+5/mpGdwFGZdJalCy5UeDVBATk3kCpM8VMiOmllCmuN2VsBFVlBmbU9GG4K2evE5a1YrnVryHm3K tmsdRgHO4gCvw4BZqUIcGNIHBEzzDK7w5E+fFeXc+lq0bTj5zBn/gfP4AH3qRnw==</latexit><latexit sha1_base64="iiHIywoBq/UsiFgkhBnQ+4mNGzQ=">AAAB9HicbVBN SwMxEJ31s9avqkcvwSIIQtktgh4LXnqsYD9gu5RsOm1Ds9k1yRbK0t/hxYMiXv0x3vw3pu0etPXBwMt7M2TmhYng2rjut7OxubW9s1vYK+4fHB4dl05OWzpOFcMmi0 WsOiHVKLjEpuFGYCdRSKNQYDsc38/99gSV5rF8NNMEg4gOJR9wRo2Vgup13e9iormwj16p7FbcBcg68XJShhyNXumr249ZGqE0TFCtfc9NTJBRZTgTOCt2U40JZWM6 RN9SSSPUQbZYekYurdIng1jZkoYs1N8TGY20nkah7YyoGelVby7+5/mpGdwFGZdJalCy5UeDVBATk3kCpM8VMiOmllCmuN2VsBFVlBmbU9GG4K2evE5a1YrnVryHm3K tmsdRgHO4gCvw4BZqUIcGNIHBEzzDK7w5E+fFeXc+lq0bTj5zBn/gfP4AH3qRnw==</latexit>
S13 S23
<latexit sha1_base64="LKLcfb0OzyQ+pFW63oWwhnJ1jTg=">AAAB+nicbZDL SsNAFIZP6q3WW6pLN1OL4MaStIIuC25cVrQXaEKYTKft0MmFmYlSYh7FjQtF3Pok7nwbp20W2vrDwMd/zuGc+f2YM6ks69sorK1vbG4Vt0s7u3v7B2b5sCOjRBDaJh GPRM/HknIW0rZiitNeLCgOfE67/uR6Vu8+UCFZFN6raUzdAI9CNmQEK215ZvnOS+1G5lTOnYrGeiPzzKpVs+ZCq2DnUIVcLc/8cgYRSQIaKsKxlH3bipWbYqEY4TQr OYmkMSYTPKJ9jSEOqHTT+ekZOtXOAA0joV+o0Nz9PZHiQMpp4OvOAKuxXK7NzP9q/UQNr9yUhXGiaEgWi4YJRypCsxzQgAlKFJ9qwEQwfSsiYywwUTqtkg7BXv7yKnT qNduq2bcX1WY9j6MIx3ACZ2DDJTThBlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/JHx+QMYspKJ</latexit><latexit sha1_base64="LKLcfb0OzyQ+pFW63oWwhnJ1jTg=">AAAB+nicbZDL SsNAFIZP6q3WW6pLN1OL4MaStIIuC25cVrQXaEKYTKft0MmFmYlSYh7FjQtF3Pok7nwbp20W2vrDwMd/zuGc+f2YM6ks69sorK1vbG4Vt0s7u3v7B2b5sCOjRBDaJh GPRM/HknIW0rZiitNeLCgOfE67/uR6Vu8+UCFZFN6raUzdAI9CNmQEK215ZvnOS+1G5lTOnYrGeiPzzKpVs+ZCq2DnUIVcLc/8cgYRSQIaKsKxlH3bipWbYqEY4TQr OYmkMSYTPKJ9jSEOqHTT+ekZOtXOAA0joV+o0Nz9PZHiQMpp4OvOAKuxXK7NzP9q/UQNr9yUhXGiaEgWi4YJRypCsxzQgAlKFJ9qwEQwfSsiYywwUTqtkg7BXv7yKnT qNduq2bcX1WY9j6MIx3ACZ2DDJTThBlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/JHx+QMYspKJ</latexit><latexit sha1_base64="LKLcfb0OzyQ+pFW63oWwhnJ1jTg=">AAAB+nicbZDL SsNAFIZP6q3WW6pLN1OL4MaStIIuC25cVrQXaEKYTKft0MmFmYlSYh7FjQtF3Pok7nwbp20W2vrDwMd/zuGc+f2YM6ks69sorK1vbG4Vt0s7u3v7B2b5sCOjRBDaJh GPRM/HknIW0rZiitNeLCgOfE67/uR6Vu8+UCFZFN6raUzdAI9CNmQEK215ZvnOS+1G5lTOnYrGeiPzzKpVs+ZCq2DnUIVcLc/8cgYRSQIaKsKxlH3bipWbYqEY4TQr OYmkMSYTPKJ9jSEOqHTT+ekZOtXOAA0joV+o0Nz9PZHiQMpp4OvOAKuxXK7NzP9q/UQNr9yUhXGiaEgWi4YJRypCsxzQgAlKFJ9qwEQwfSsiYywwUTqtkg7BXv7yKnT qNduq2bcX1WY9j6MIx3ACZ2DDJTThBlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/JHx+QMYspKJ</latexit><latexit sha1_base64="LKLcfb0OzyQ+pFW63oWwhnJ1jTg=">AAAB+nicbZDL SsNAFIZP6q3WW6pLN1OL4MaStIIuC25cVrQXaEKYTKft0MmFmYlSYh7FjQtF3Pok7nwbp20W2vrDwMd/zuGc+f2YM6ks69sorK1vbG4Vt0s7u3v7B2b5sCOjRBDaJh GPRM/HknIW0rZiitNeLCgOfE67/uR6Vu8+UCFZFN6raUzdAI9CNmQEK215ZvnOS+1G5lTOnYrGeiPzzKpVs+ZCq2DnUIVcLc/8cgYRSQIaKsKxlH3bipWbYqEY4TQr OYmkMSYTPKJ9jSEOqHTT+ekZOtXOAA0joV+o0Nz9PZHiQMpp4OvOAKuxXK7NzP9q/UQNr9yUhXGiaEgWi4YJRypCsxzQgAlKFJ9qwEQwfSsiYywwUTqtkg7BXv7yKnT qNduq2bcX1WY9j6MIx3ACZ2DDJTThBlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/JHx+QMYspKJ</latexit>
S13 S12
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FIG. 6. (a) A weak projective measurement by A2 does not
fully resolve the maximally mixed quantum state, leaving 1−
H[] of its entropy unshared. (b) The tri-partite quantum
Venn diagram of the three detectors is modified when the
middle measurement is weak. Fig. 3 returns in the limit of
→ 1 as in that limit H[]→ 1. (c) The relative state of the
first two detectors when the second one is weak. In the limit
→ 0, A1 and A2 are uncorrelated.
thus encounter precisely the same situation that we wit-
nessed when analyzing the standard Leggett-Garg in-
equalities [1]: assuming that the middle measurement
is not performed when calculating K13 or S13 enforces
vanishing K12 (S12 = 1). It is nor permissible to use
the expressions from a separate experiment where the
A2 measurement was actually performed, as is done in
the majority of experiments listed in [8–25]. Further-
more, an “ideal negative result” experiment is not a weak
measurement at all, and will disturb the quantum wave-
function just as much as a standard projective measure-
ment, as pointed out long ago by Dicke [42]. For those
experiments where the “ideal negative result” technique
was used by discarding the half of experiments where the
detector clicked, this can be tested directly by using in-
stead the discarded half to calculate the Leggett-Garg in-
equalities. The analysis will reveal that nothing changed:
7it does not matter whether the detector clicked or not,
as the detector’s state is not diagnostic of the quantum
state.
Some might argue that writing down “three-point”
Leggett-Garg inequalities (that is, where a measurement
is performed at all three points) is futile because once
the second measurement is performed the quantum state
is “destroyed” and cannot be measured again. However,
this is not true, and careful experimentation can mea-
sure the quantum state repeatedly. For example, Kati-
yar et al. [20] actually measured the three-point function
[the diagonal of Eq. (24)] using nuclear magnetic reso-
nance techniques, only to find that they were unable to
reproduce (via marginalization) the two-point function
obtained when not performing the intermediate measure-
ment. They remarkably concluded that “the grand prob-
ability is not legitimate in this case” [20], when in fact it is
the two-point functions that are not legitimate. Had they
used the full P (x, y, z) for the calculation of their entropic
Leggett-Garg inequality, they would have found it invio-
late. Other approaches using quantum optics also make
it possible to perform multiple measurement of the same
quantum state in a row, as long as the experimenter does
not expect that there is no backreaction on the quan-
tum system [36]. These backreactions are the essence of
quantum mechanics, and are fully accounted for in the
Leggett-Garg inequalities.
IV. DISCUSSION
One of the more remarkable aspects of the entropic
version of the Leggett-Garg inequalities is that there is
no reference to macroscopic realism or non-invasiveness
of measurements in its derivation, two criteria that are
usually held as the foundations of the Leggett-Garg in-
equalities. However, previous work has implied that non-
invasiveness is not a necessary criterion for writing down
such inequalities [13] (see also the discussion in [26]). Af-
ter all, the inequalities follow simply from consistency of
the joint density matrix of the measurement devices, and
indeed I have argued before [1] that non-invasive quan-
tum measurements can only exist if a quantum state is
measured in the basis in which it was prepared, which
is really a classical measurement. I suspect that us-
ing non-projective quantum measurements (for example,
POVMs) does not alter any of the conclusions offered
here. For example, one way to implement weak measure-
ments is to perform projective measurements in an ex-
tended Hilbert space. As weak measurements cannot vio-
late the Leggett-Garg inequalities, I suspect that POVMs
cannot either, but that proof is still outstanding.
The widespread and ubiquitous apparent violation of
Leggett-Garg inequalities has caused considerable head-
scratching among researchers, because ostensibly the vi-
olation implies that either quantum mechanics does not
correctly describe macroscopic objects (if macrorealism
is true), or else we should experience violation of macro-
realism in everyday life (if quantum mechanics is correct
instead) [43]. Today there is plenty of evidence that the
superposition of macroscopic objects is not only real, but
can be experimentally verified (see, for example, [44]).
Why then do we do not experience this in everyday life?
Kofler and Brukner [45] offer two possible escapes from
this conundrum: either microscopically distinct states
(what we call “orthogonal states”) do not actually exist
in nature (meaning, all measurements are necessarily a
little bit weak) or else decoherence destroys the violations
before they could ever be experienced. Here I suggest
that instead there is no paradox because the Leggett-
Garg inequalities (entropic or not) are never violated.
While quantum superpositions of macroscopic objects are
real, we cannot experience them because measurement
devices cannot reflect such a state of affairs. The central
misunderstanding then is not that quantum mechanics
does not adequately describe macroscopic objects. The
central misunderstanding is the belief that classical mea-
surement devices describe the quantum objects that they
are designed to reflect. It is natural, in classical physics,
to assume that a measurement device allows you to in-
fer the state of the measured system, as this is precisely
the role of the measurement device. But in quantum
mechanics, this is provably no longer the case (in fact,
this is the essence of the quantum no-cloning theorem).
Measurement devices allow us to infer the state of other
measurement devices, but (in the worst case), are com-
pletely unreliable in inferring the state of the quantum
system. The “ideal negative result” measurement (also
called “interaction-free” measurement) setups are a case
in point. The absence of a click lulls some of us into be-
lieving that the quantum system “is” in the state that
the absent click would indicate. But the device has lied:
the silence means nothing.
It is of course anti-climactic to re-analyze experiments
to show that Leggett-Garg inequalities cannot be vio-
lated. However, I believe it is worth while carrying
those out, because even though those inequalities do not
test macrorealism, they do throw light on the physics
of consecutive quantum measurements and the relation
between the classical and quantum description of the
world [46]. The entropic version of the inequalities are
particularly interesting because they are able to probe
the non-diagonal entries in the full density matrix (24).
While those entries play no role in the pair-wise marginal
density matrices when measurements are strong, sophis-
ticated tomography techniques can reveal them in the full
density matrix [47]. In particular, there may exist ex-
tended entropic inequalities involving double-conditional
entropies [such as S(A3|A2A1)] that can be violated,
to show experimentally that quantum measurements are
non-Markovian, as theory suggests [33].
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